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Introduction

This bookis a quite extended version of lectures basically dedicated to combina-
torics on words and numeration systems that I am giving at the University of Liège.
The course is usually (but not necessarily) followed by students interested in discrete
mathematics or theoretical computer science. The chosen level of abstraction should
allow undergraduatestudents to study the exposed topics.

What thisbook isor is not about

In the long processof writing this book, I have expanded my initial notes with
many examples and many extra concepts to have asomehow consistent overview of
thefield. Nevertheless, thisbookisnot intended to serve asan encyclopedicreference.

I have picked some of my favorite topics in the area and I have also decided to
shorten the presentation of some items (not because there are less interesting but
choices have to be made to keep this bookreasonably short). Indeed, the bookmost
probably reflects what I do prefer: I’ m always more interested in the combinatorics
and theunderlyingdiscrete structuresarising from aproblem.

When preparing this book, I have chosen to present a fairly large variety of basic
notionsand important toolsandresults. Sometimes, I only give an overview of a sub-
ject andproofsarethereforeomitted. For thereader wantingto studyfurther aspecific
topic, many pointersto therelevant bibliographyaregiven andeach chapter endswith
notes and comments. Indeed, the main goal of this book is to give a quick access
to actual research topics at the intersection between automata andformal language
theory, number theory andcombinatoricsonwords.

A few wordsabout what you will find

The notion of a word, i.e., a (finite or infinite) sequenceof symbols belonging to
a finite set, is central all along this book. It has connections with many branches of

ix
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mathematics and computer science: number theory, combinatorics, formal language
theory, mathematical logic, symbolic dynamics, coding theory, computational com-
plexity, discretegeometry, stringology, etc.

Combinatorics on words. One can be interested in the combinatorial properties
of finite or infinite sequencesof symbolsover a finite alphabet: what are the possible
arrangements, how many such configurationscan be achieved,. . .Asatrivial example,
over a binary alphabet any word of length at least 4 contains a repeated factor of the
kinduu (try to prove it!). One can therefore look at patterns that are unavoidable in
sufficiently longsequencesor count thenumber of patternsor configurationsthat may
appear in a particular context. These are some of the general questions that will be
considered in thefirst three chaptersof thisbook. In particular, weshall concentrateon
infinitewordsthat can beobtained byasimpleprocedure consisting in theiteration of
amorphism over a freemonoid. Weshall mostly deal with a large classof self-similar
words: the so-called morphic wordsand, in particular, with automatic sequences that
aregenerated bya constant-length morphism.

Formal language theory. A language is merely a set of words. In this book, we
shall mostly encounter languages of finite words. One exception is a short incursion
into symbolic dynamical systems with the language of the β-expansions of the real
numbers in the interval [0, 1). The Chomsky’s hierarchy introduced in the theory
of formal languages provides a classification depending on the machine needed to
recognize an infinite language of finite words. From a computational perspective,
the simplest languages are the regular languages. They are accepted (or recognized)
by finite automata, and described by regular expressions. Chapter 4 is a short chapter
presentingthemain propertiesof theselanguages. Weshall constantly see connections
existing between regular languages, automatic sequences and numeration systems.
For instance, we associatequiteoften afinite automatonwith a morphism.

Number theory. A finitewordcanalso beused to represent an integer in agiven nu-
meration system (e.g., integer base expansionsand many other non-standard systems
arediscussed in depth in several chaptersof thisbook). To quoteA. Fraenkel: “There
are many ways of representingan integer uniquely!” [FRA 85]. Similarly, an infinite
word can represent a real number or the characteristic sequenceof a set of integers.
With that respect, a natural question is to study links existing between arithmetical
properties of numbers (or sets of numbers) and syntactical properties of their expan-
sions. Chapter 5 is dedicated to numeration systems with a particular emphasis put
on words representing numbers. Indeed, the chosen numeration system has a strong
influenceonthesyntactical propertiesof the correspondingrepresentations. A corner-
stone is the notion of recognizable set of numberswhose elements when represented
within a given numerationsystem are recognized byafinite automaton.
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Formal methods applied to infinite words andsets of numbers. In the last chapter
of this book, we described a recent trend in combinatorics on words. Thanks to au-
tomatatheory andBüchi’stheorem, weshall seehow formal methodsenter thepicture
about decision problemsor, automatic theorem-proving, relevant in combinatoricson
words. If a property about some infinite words can be described by a well -written
logical formula, then this property can be tested automatically. Such a procedure
holds for a large classof infinite words generated by iterated morphisms (for auto-
matic sequences and those stemming from Pisot numeration systems as presented in
thisbook). The expressivenessof Presburger arithmetic (with an extrapredicate) pro-
videsan interestingalternativeto deal with asufficiently large classof problemsabout
infinitemorphicwords. One can imagine automated certificatesfor several famili esof
combinatorial properties. But thepriceto pay isthat weshould haveto deal with fairly
large automata. It is a field of research where combinatoristsand computer scientists
can work together fruitfully: on theonehand, it iswell -known that, in theworst-case,
the obtained decision procedurescan be super-exponential, but on the other hand, the
considered problemsabout words seem to beof relatively small complexity.

How to read thisbook

The goal is that, after reading this book(or at least parts of this book), the reader
should be ableto fruitfully attenda conferenceor aseminar in thefield. I hopethat the
many examplespresented alongthetext will help thereader to get somefeelingabout
the presented topics even thoughwe are not going too far in the technical aspects of
the proofs. Also, prerequisites are minimal. We shall not explore topics requiring
measure theory or advanced linear algebra (we have avoided results related to Jordan
normal form of matrices) or non-elementary number theory. Two sectionsaredevoted
to results in algebraic number theory andformal series. Sections1.1.2 and 1.2.2 serve
as references that the reader may consult when needed. Sections 6.1 and 6.2 give
a self-contained presentation of the concepts of mathematical logic needed in this
book. Thoserigorousandtechnical sections should not discouragethereader to pursue
his/her study. Most of thematerial can be accessed without much background.

My initial ideawasto go quick to thepoint but it seemsthat thestories I wanted to
tell were indeed quite longer than initially thought. I have to confessthat writing this
bookwasaquiteunexpected adventure(I wasperpetually tryingto meet thedeadlines
andalso dealingwith my other dutiesat theUniversity andat home).

There are several paths that the reader can follow throughthis book. Some are
quite long, some areshorter.

– For a basic introduction, I propose to read parts of Chapter 1 (skipping the ref-
erencesections), Chapter 2 upto and includingSection 2.4. If the reader has already
someknowledge about automata, then one can concludewith Chapter 6 concentrating
on resultsabout integer basesystems.
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– For aone-semester coursein combinatoricsonwords, I propose areading of the
first three chaptersnot sacrificing the rigorouspresentation of Section 1.2.1.

– For a numeration system oriented reading, again organized over one semester:
browse throughthe first chapter (with a careful reading of the examples related to
numeration systems), then go to Section 2.3 and conclude with the last two chapters
of thebook.

– For a courseoriented towards interaction between automata, logic and numera-
tionsystems, one can focusonChapters4 and 6.

About other sourcestreatingsimilar subjects, an excellent companionfor thisbook
is definitely Automatic Sequences: Theory, Applications, Generalizations [ALL 03a]
written by Allouche and Shallit . I do hope that the two books can be read indepen-
dently and can benefit from each other. There is also a non-zero intersection with
several chapters of the Lothaire’s bookAlgebraic Combinatorics on Words (namely
those about Sturmian wordswritten byBerstel andSéébold andtheoneon numeration
systemswritten byFrougny) [LOT 02]. Some chaptersof thevolumeCombinatorics,
Automata andNumber Theory [BER 10] as well as [PYT 02] can also serve as a fol-
low up for the present book. In particular, Cassaigne and Nicolas’s chapter on factor
complexity is a natural continuation for our Chapter 2. I should finish by mentioning
two papers that were very influential in my work: [BRU 94] and [BRU 95]. With this
book, I hope that the reader could learn as much material as the one foundin these
two papers.

Labels of bibliographic entries are based onthe first threeletters of the last name
of the first author and then the year of publication. In the bibliography, entries are
sorted in alphabetical order using these labels.

Acknowledgments

I would like to expressmy gratitude to Valérie Berthé for her constant and en-
thusiastic support, for the many projectswe run together and finally, for her valuable
commentsonadraft of thisbook.

Several researchershavespent someprecioustimeto read afirst draft of thisbook,
their careful reading, their feedback and expert commentswere very useful and valu-
able: AnnaFrid, Julien Leroy, AlineParreau, Narad Rampersad, EricRowland, Aleksi
Saarela and Jeffrey Shallit . They proposed many clever improvements of the text. I
warmly thank them all . I would like to give aspecial thank to VéroniqueBruyère for
commentson the last chapter.

For their feedbacks, I also sincerely thank Jean-Paul Allouche, Émili e Charlier,
Fabien DurandandVictor Marsault.



Introduction xiii

Even though he was not directly involved in the writing processof this book, the
first half of thebook hasgreatly benefited from themany discussionsI had with Pavel
Salimov when he was a post-doctoral fellow in Liège. Naturally, all the discussions
and interactions I could have had along the years with students, colleagues and re-
searchers worldwide had some great influence on me (but such a list would be too
long) and I thank them all .

Michel Rigo.


