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Introduction

This bookis a quite extended version o ledures basicdly dedicated to combina-
torics on words and numeration systems that | am giving at the University of Liége.
The courseis usualy (but not necessarily) followed by students interested in discrete
mathematics or theoreticd computer science. The chosen level of abstradion shoud
allow undergraduate students to study the exposed topics.

What thisbook isor isnot about

In the long process of writing this book | have expanded my initial notes with
many examples and many extra concepts to have asomehow consistent overview of
thefield. Nevertheless thisbookisnot intended to serve & an encyclopedic reference

| have picked some of my favorite topics in the aea and | have dso dedded to
shorten the presentation of some items (not becaise there ae less interesting bu
choices have to be made to keep this bookreasonably short). Indeed, the book most
probably refleds what | do prefer: I'm always more interested in the combinatorics
and the underlying discrete structures arising from a problem.

When preparing this book | have chosen to present a fairly large variety of basic
notions and important tools and results. Sometimes, | only give an overview of asub-
jed and prodfs are therefore omitted. For the reader wantingto study further a spedfic
topic, many pantersto the relevant bibliographyare given and eat chapter endswith
notes and comments. Indeed, the main gaal of this bookis to give a quick access
to actual research topics at the intersedion between auomata andformal languag
theory, number theory and combinatorics onwords.

A few words about what you will find

The nation o aword, i.e., a (finite or infinite) sequence of symbadls belongngto
afinite set, is central al aongthis book It has conredions with many branches of
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mathematics and computer science number theory, combinatorics, formal language
theory, mathematicd logic, symbalic dynamics, coding theory, computational com-
plexity, discrete geometry, stringdogy, etc.

Combinatorics on words. One can be interested in the combinatorial properties
of finite or infinite sequences of symbals over afinite dphabet: what are the passble
arrangements, how many such configurationscan be adieved,...Asatrivia example,
over a binary alphabet any word of length at least 4 contains arepeded fador of the
kind wu (try to proveit!). One can therefore look at patterns that are unavoidable in
sufficiently long sequences or court the number of patternsor configurationsthat may
appea in a particular context. These ae some of the general questions that will be
considered in thefirst three daptersof thisbook In particular, we shall concentrate on
infinite words that can be obtained by asimple procedure awnsistingin theiteration o
amorphism over afreemonad. We shall mostly ded with alarge dassof self-similar
words: the so-cdled morphic words and, in particular, with automatic sequences that
are generated by a constant-length morphism.

Formal languag theory. A language is merely a set of words. In this book we
shall mostly encourter languages of finite words. One exceptionis a short incursion
into symbalic dynamicd systems with the language of the g-expansions of the red
numbers in the interval [0,1). The Chomsky's hierarchy introduced in the theory
of formal languages provides a dasdficaion depending onthe madine needed to
remgnize a infinite language of finite words. From a computational perspedive,
the simplest languages are the regular languages. They are accegted (or recognized)
by finite automata, and described by regular expressons. Chapter 4 is a short chapter
presentingthe main properties of these languages. We shall constantly see onredions
existing between regular languages, automatic sequences and numeration systems.
For instance, we associate quite often afinite automatonwith a morphism.

Number theory. A finiteword can aso be used to represent an integer in agiven nu
meration system (e.g., integer base expansions and many cther non-standard systems
are discussd in depth in several chapters of thisbookK). To qude A. Fraenkel: “There
are many ways of representing an integer uniquely!” [FRA 85]. Similarly, an infinite
word can represent a red number or the charaderistic sequence of a set of integers.
With that resped, a natural question is to study links existing between arithmetica
properties of numbers (or sets of numbers) and syntadica properties of their expan-
sions. Chapter 5 is dedicaed to numeration systems with a particular emphasis put
on words representing numbers. Indeed, the chosen numeration system has a strong
influenceonthe syntadicd properties of the correspondngrepresentations. A corner-
stone is the nation o recognizable set of numbers whose dements when represented
within a given numeration system are reacogrnized by afinite automaton.
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Formal methods applied to infinite words and sets of numbers. In the last chapter
of this book we described a recent trend in combinatorics on words. Thanks to au-
tomatatheory and Biichi’stheorem, we shall seehow formal methods enter the picture
abou dedsion problems or, automatic theorem-proving, relevant in combinatorics on
words. If a property abou some infinite words can be described by a well-written
logicd formula, then this property can be tested automaticdly. Such a procedure
holds for a large dassof infinite words generated by iterated morphisms (for auto-
matic sequences and thase stemming from Pisot numeration systems as presented in
thisbooK). The expressvenessof Presburger arithmetic (with an extra predicate) pro-
videsan interesting alternativeto ded with asufficiently large dassof problemsabou
infinite morphic words. One can imagine automated certificaesfor severa famili es of
combinatorial properties. But the priceto pay isthat we shoud haveto ded with fairly
large automata. It isafield of reseach where combinatorists and computer scientists
can work together fruitfully: onthe one hand, it is well-known that, in the worst-case,
the obtained dedsion procedures can be super-exponrential, but on the other hand, the
considered problems about words sem to be of relatively small complexity.

How to read this book

The goal is that, after reading this book (or at least parts of this book), the reader
shoud be aleto fruitfully attend a conferenceor aseminar in thefield. | hopethat the
many examples presented alongthe text will help the reader to get some feding abou
the presented topics even thoughwe ae not going too far in the technicd aspeds of
the proofs. Also, prerequisites are minimal. We shall not explore topics requiring
measure theory or advanced linea algebra (we have aroided results related to Jordan
normal form of matrices) or non-elementary number theory. Two sedions are devoted
to resultsin algebraic number theory and formal series. Sedions 1.1.2 and 1.2.2 serve
as references that the reader may consult when needed. Sedions 6.1 and 6.2 give
a self-contained presentation of the concepts of mathematicd logic needed in this
book Thoserigorousandtechnicd sedions shoud nat discouragethereader to pursue
hig’her study. Most of the material can be accesed withou much badkground

My initial ideawasto go quick to the point but it seemsthat the stories | wanted to
tell were indead quite longer than initially though. | have to confessthat writing this
bookwas a quite unexpeded adventure (I was perpetualy tryingto mee the deadlines
and aso dedingwith my other duties at the University and at home).

There ae several paths that the reader can follow throughthis book Some ae
quite long, some ae shorter.

— For abasic introduction, | propose to read parts of Chapter 1 (skipping the ref-
erence sedions), Chapter 2 upto andincluding Sedion 24. If the reader has aready
some knowledge abou automata, then ore can conclude with Chapter 6 concentrating
onresults abou integer base systems.
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— For aone-semester coursein combinatoricsonwords, | propcse areading o the
first three dapters not saaificing the rigorous presentation of Sedion 1.2.1.

— For a numeration system oriented reading, again organized over one semester:
browse throughthe first chapter (with a caeful reading o the examples related to
numeration systems), then goto Sedion 23 and conclude with the last two chapters
of the book

— For a oourse oriented towards interaction between auomata, logic and numera-
tion systems, one can focus on Chapters 4 and 6.

Abou other sourcestreaing similar subjeds, an excdlent companionfor thisbook
is definitely Automatic Sequences. Theory, Appli cations, Generali zations [ALL 034]
written by Allouche and Shallit. | do hope that the two boolks can be read indepen-
dently and can benefit from ead other. There is a'so a nonzero intersedion with
severa chapters of the Lothaire’s book Algebraic Combinatorics on Words (namely
thase about Sturmian wordswritten by Berstel and Sééold andthe one on numeration
systemswritten by Frougny) [LOT 02]. Some chapters of the volume Combinatorics,
Automata andNumber Theory [BER 10] aswell as[PYT 02] can aso serve as afol-
low up for the present book In particular, Casssigne and Nicolas's chapter on fador
complexity is anatural continuationfor our Chapter 2. | shoud finish by mentioning
two papersthat were very influential in my work: [BRU 94] and [BRU 95]. With this
book | hope that the reader could lean as much material as the one foundin these
two papers.

Labels of bibliographic entries are based onthe first threeletters of the last name
of the first author and then the yea of pubication. In the bibliography, entries are
sorted in aphabetica order using these labels.
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