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¸+¹�º¼» 6�½\$&39¾W4s¿yÀ�*-3�4R;�3Á '4!6+*-,' p*BÂ%3ÁÃ� �Ã�$2"> '3�4!$2½\3

2
"ª;�3�$�ÃyÄ¼;�3Å�! #6�Æ#�² 

(O; (e1, e2))
=0½\3

,#½\304!$&Ã0Æ#�! ~:<;+*B¾!�! |6�½\$&39¾!4
A, B, C, D Ç|È $ u

 '¾
v
4!½-3<¾®Ã� ';�ÉËÊ- #,'¾! #;��²4¯Ã� |,'½\"%6I½\4!*-39¾W '4

�! '4!6� #,'¾!$2Ê- #4
(u1, u2)

 �¾
(v1, v2)

=�½\353�½-¾! 

det(u, v) = det

(

u1 v1

u2 v2

)

.

*9Ì®Í�Î'�!$�Ï+ #��:<;� 
det(

−−→
DA,

−−→
DB)+det(

−−→
DB,

−−→
DC)+det(

−−→
DC,

−−→
DA) = det(

−→
AB,

−→
AC) Ç(iÌ¯Ð�3�Ã�Î#Ã�;0$&�! |:<;� 

A, B, C
4!½-3<¾®*B1&$&Ñ-3�Î#474!$v �¾p4! #;01& #"% #39¾p4²$v6I½-;���¾W½-;0¾q6�½\$&39¾

P
=

½\3Ò*
det(

−→
PA,

−−→
PB) + det(

−−→
PB,

−→
PC) + det(

−→
PC,

−→
PA) = 0 Ç

ÓyF�Ô�Õ@ÖDL�F�H×Q�Ø 3Å3�½B¾W 
(x1, x2)

1& '4),#½�½\�!Ã0½\3�3�Î' #4�Ã�;Å6I½-$&39¾
X ∈ {A, B, C, D} Ã+*-3�4R12 �! '6IÆ'�! 

(O; (e1, e2)) Ç Ø 3Ù*

det(
−−→
DA,

−−→
DB) = det

(

a1 − d1 b1 − d1

a2 − d2 b2 − d2

)

= a1b2 + a2d1 + b1d2 − a2b1 − b2d1 − a1d2.

Ø 3Ò6��²½�,'Æ#Ã� ®6+*-��4s8�"%Î'¾!�!$2 ®6�½\;���12 #4Ú*-;0¾!�! #4R¾! #�!"% #4ÚÃ� p1k*|4²½\">"% q '¾71k*ªÊ-Î#�!$�Ï+,M*b¾W$&½-35 '4²¾
$&"%">Î'Ã�$k*b¾W Ç¯Û  #4p6I½-$&39¾W4 A, B, C

4!½\39¾G*-1&$2Ñ\3�Î'4q4!$� '¾p4² #;�12 #"% #39¾®4!$�1& '4�Ê\ ','¾W ';��!4 −→
AB

 '¾
−→
AC

4²½\39¾Ú1&$&30ÎM*-$2�! #"% #39¾RÃ0Î#6� #3�Ã+*B3<¾!4 Ç)Ü  #,#$K*|1&$2 #;Å4!$
 �¾Ú4! #;01& #"% #39¾Ú4!$ det(
−→
AB,

−→
AC) = 0 '¾zÃ�½\3�,B=\ #3ª;�¾W$&12$&4!*-39¾�12 U6�½\$23<¾z*9Ì
4!$� '¾z4! #;01& #"% #39¾�4²$�6�½\;��@¾W½-;0¾v6�½\$&39¾

P
=
det(

−→
PA,

−−→
PB)+

det(
−−→
PB,

−→
PC) + det(

−→
PC,

−→
PA) = 0 Ç

Ýy¹�ºßÞ 6�½\$&39¾!4²¿iÀ�*B3�4U1�Äß '4!6+*B,# 7*BÂ%3> ';�,#12$&Ã�$2 #3|½\�²$& #39¾!Î
R

3
"¯;�3�$�ÃyÄ¼;�3>�! #6�Æ#�² 7½-�²¾W.0½\3�½\�²">ÎB=

½\3Å,#½\304!$&Ã0Æ#�! ®1& '4RÃ��!½-$2¾W '4 D  '¾ E ÃyÄ¼Î#:<;+*B¾!$&½\304Ú�² #4²6I ','¾W$�Ê\ '4

D ≡
{

2y + z = 3
x − y + 2 = 0

 �¾ E ≡
{

−x + 3z = 1
−x − 3y = 2.

*9Ì¯À�½\303� #�Ú;�3ÅÊ\ #,�¾W ';��7Ã0$&�! ','¾! #;���Ã� E Ç(iÌ¯À�½\303� #�Ú1& '4Ú6�½\4²$2¾W$2½\3�4)�² #1&*B¾W$�Ê\ #4�Ã� '47Ã0�!½\$�¾W #4 D  �¾ E Ç Ð�3Ù6+*-�s¾W$2,#;�12$& #�'=�4²½\39¾²à� #1&12 #4½\�s¾W.�½\Ñ-½\3+*-12 #4Úá
,MÌ Ø 3âÏ0É� >;�3â6�½\$23<¾

Mα

Ã� E Ã�Î#6� #3�Ã�*-39¾¯Ã�;â6+*-�!*-">Æ�¾W�² 
α
½\ã

α
 #4²¾¯1�Äß*-(�4²,#$&4²4! 

ä $ Ç  Ç =�1k*®6��! '">$2Æ#�! 7,#½�½\�!Ã0½\3�3�Î' # DÌ�Ã�;�6�½\$&39¾ Mα Ç À�½\3�30 #�R1�Ä¼Î#:<;+*b¾W$&½-3¢Ã�;Á6�1&*-3 πα6+*-4²4W*-39¾76+*-�
Mα

 '¾Ú,#½-3<¾! #3+*B3<¾ D ÇÃiÌ¯�z*B�!"%$v¾W½\;�4®,# '4G601k*-3�4'=
8Ë #3å*bà�¾sàd$&1�;�3æ:�;0$� '4²¾G6I '�!6� #3�Ã0$&,#;01k*-$2�! |ç E á È $�½\;�$�=6�½\;���:<;� #121& �ÊB*-1& ';��
α0

Ã� 
α
 #4s¾²à�$&1y½\(�¾W #3<;ÙáèÀ�½\3�30 #��;�3� ®Î#:<;+*B¾!$&½\3ÅÃ� p,' G6�1&*-3

 '¾ÚÃ�½-3�3� #��12 #4�,#½�½\�!Ã0½\3�3�Î' #4�Ã�;56I½\$239¾
Mα0

Ç MÌ¯À�½\303� #��1& �4²8�">Î�¾W�²$&:<;� q½\�s¾W.�½\Ñ-½\3+*-1IÃ�;Å6I½\$239¾
P
Ã� q,'½�½-�!Ã�½\303�Î# '4

(9, 1,−1)
6+*B�

�W*B6�6I½-�²¾Ú*-;56�1k*B35Ã�ÄßÎ':�;�*B¾W$2½\3
3x + y + z = 5 Ç



ÓyF�Ô�Õ@ÖDL�F�H�Q *\Ì
(3,−1, 1)(iÌ Ø 3¢Ê-Î#�²$2Ï+ 7:�;0 �1& 74²8�4²¾!Æ#"% ��O½\�!"%ÎÚÃ� #4

4
Î#:<;+*B¾!$&½\304³Ã�Î�Ï+3�$&4²4W*-39¾ D  '¾ E  '4²¾R$23�,#½\"|à

6+*B¾!$&(�12 ä 1& #4¯Ã��!½\$�¾W '4¯3yÄ¼½\39¾|Ã�½\30,�6+*-4ªÃ0 �6I½-$&39¾ªÃyÄ¼$&39¾! #�!4² #,�¾W$&½-3iÌ Ç Ð�3�4²;�$2¾! -=�;�3 Ê- #,'¾! #;��
Ã�$&�² #,�¾W #;0�7Ã� D  #4²¾7Ã�½\303�Î# G6+*-�

(1, 1,−2)
 '¾7½\3Ò #3Ù,'½\3�,'1&;0¾Ú:<;� D  '¾ E 4!½-3<¾7½\�s¾W.�½\Ñbà

½\3+*-12 #4 Ç,DÌ Û  Ù6�½\$&39¾ Mα

*â6�½\;��%,#½�½\�²Ã�½\3�3�Î' #4
(α,−(2 + α)/3, (1 + α)/3) Ç�� 3 6�1&*-3 Ã�;

��*-$&4²,# #*-;ÅÃ� p6�1k*-304R,#½\39¾W '3+*-39¾71k*ªÃ��²½\$2¾! D  '4²¾7Ã� p1k*��O½\�²"> 
λ(2y + z − 3) + µ(x − y + 2) = 0, (λ, µ) 6= (0, 0).Ð�3Ò$23��² #,�¾/*-39¾�1& '4�,#½�½\�!Ã�½-3�3�Î# '4�Ã� 

Mα

Ã+*B3�4�,# '¾²¾W pÎ#:<;+*b¾W$&½-3y=�½\3Å¾W�²½\;0Ê\ 
λ = 8 + 4α

 '¾
µ = 12 + α.À� p1kç0=0;�3� pÎ#:<;+*B¾!$&½\3ÅÃ�;56�1&*-3Å�! #,/.0 #�!,/.0Î¯ #4s¾ÚÃ�½\3�3�Îp6+*B�

(12 + α)x + (4 + 7α)y + (8 + 4α)z = 10α.ÃiÌ � 3� %3�½\�²"¢*-12 %*-;å6�1&*-3�¾W�!½-;0Ê\Î¢*-;å6�½\$&39¾®6��²Î#,#Î'Ã� #39¾%*Å6I½-;��G,'½\"%6I½\4!*-39¾W '4
(12 +

α, 4 + 7α, 8 + 4α)
 '¾%1�Ä¼½\3×�! ',/.� #�²,/.� Ù;03� 5ÊB*-12 #;��|Ã0 

α
¾! #1&12 �:<;� 5,# ÁÊ\ ','¾W ';��¢ '4²¾%;�3

"ª;�1�¾W$&601& �Ã0 
(3,−1, 1) ÇUÜ  #,'$K*%12$& #;Å6�½\;�� α0 = −12/11 Ç Ø 3Ò '3ÙÃ�Î'Ã�;�$2¾���*B,#$&12 #"% #39¾�1& '4,#½�½\�!Ã0½\3�3�Î' #4�Ã� 

Mα0
Ç DÌ � 3� |Ã��²½\$2¾! ¯6+*-4²4W*-39¾p6+*B� P

 �¾q6I '�!6� #3�Ã0$&,#;01k*-$2�! ª*B;Ë6�1k*-3
3x + y + z = 5

*�6I½-;��
Î#:<;+*B¾!$&½\3

x − 9

3
= y − 1 = z + 1.

Û Äß$23<¾! #�²4! #,�¾W$2½\3 I
Ã� G,' '¾²¾W ®Ã��!½\$�¾W p*MÊ\ ',¯12 ®601k*-3

3x + y + z = 5
*~6I½-;���,#½�½\�!Ã�½-3�3�Î# '471&*

4!½\12;0¾W$2½\3ÁÃ�;54²8�4²¾!Æ#"% 






x − 3y = 6
y − z = 2
3x + y + z = 5

,-Ä¼ #4s¾²à�çwàdÃ�$2�! 
(3,−1,−3) ÇKÛ  �6�½\$23<¾y�! #,/.0 #�!,/.0ÎU '4²¾ P+2

−→
PI

Ã0 �,#½�½\�!Ã�½-3�3�Î# '4
(−3,−3,−5) Ç

�y¹qº ?¯6�½\$23<¾!4²¿yÀ�*-3�4
R

2
"¯;�3�$�Ã0;560�!½�Ã�;�$2¾³4!,#*-1k*-$2�! �;04!;� '1y '¾�½\�²$& '3<¾!Î�6+*-�R1&*¯(+*-4² q,M*-30½\3�à

$&:<;� B=�½\3ÁÃ�½\303� q1& �Ê- #,�¾W #;0�
u
Ã� q,'½\"%6I½\4!*-39¾W '4

(1, 1) Ç À�Î'¾! #�!"%$&30 #�)12 #4R,#½-">6�½\4W*B3<¾! #4)Ã0 
v
4!*-,/.+*-39¾7:�;0 |v| = 2

 '¾Ú:<;� p1�Äß*-3�Ñ-1& �½\�²$& '3<¾!ÎqÃ�Î'¾! #�²">$23�Îp6+*-�
(u, v)

Ê-*B;0¾
π/3 Ç

ÓyF�Ô�Õ@ÖDL�F�H�Q È ½\$& '3<¾ (v1, v2)
12 #4R,#½-">6�½\4W*B3<¾! #4�Ã� 

v
Ã+*-3�4�1k*|(+*B4! p,M*-30½\3�$&:<;� Ç Ø 35*

v1 + v2 = 2
√

2 cos π/3 =
√

2 '¾
v2 − v1 = 2

√
2 sin π/3 =

√
6.À� p1kç0=0½\3Á¾W$&�² p*-$&4²Î#"% #39¾

v1 = (
√

2 −
√

6)/2
 '¾

v2 = (
√

2 +
√

6)/2 Ç
	@¹ º¼» 6�½\$&39¾W4s¿UÀ�*-3�4ª;03 6�1k*-3å*BÂ%3y=v½\3å,#½\3�4²$&Ã�Æ'�! �;03 6+*-�!*-1&12Î#1&½-Ñ\�W*-"%"% 

ABCD
ä $ Ç  Ç =−→

AB =
−−→
DC

Ì Ç À�*-3�4|;�3 �² #6�Æ#�² Å*-; ,/.�½\$fÉ�=��² #6��²Î#4² #39¾W '�%">*B¾!�!$&,'$& '1&1& '"> '39¾p1�Äß*-6�6�12$&,M*b¾W$&½-3
*BÂ%3� T ¾W #121& ~:<;� T (A) = B

= T (B) = C
 �¾ T (C) = D Ç5Û *Ò">*B¾W�²$&,' %½-(0¾W '3�;0 ¢3� ,#½\39¾!$& #30Ã��W*~*-;�,';�3� ®$&3�Ã0Î'¾W '�!"%$&3�Î' -=�$ Ç  Ç =�½\3ÅÃ�½\3�30 #�W*~1& '4)ÊB*-1& ';��!4R3<;�"%Î#�²$&:<;� #4� �É0601&$&,'$2¾! #4Ã� �4! '4KÎ'1&Î'"> '3<¾!4 Ç
� ¾!$&1&$24! '��,# �¾!¾! ��² #6��²Î#4² #39¾/*B¾!$&½\3®6�½\;��
½\(0¾! #3�$2�
1& '4
,#½�½\�!Ã�½-3�3�Î# '4@Ã� T (D) Ç�Ú '6��!Î'4! '3<¾! #�Ú1& q6+*B�W*-121&Î#12½\Ñ\�!*-">"% 

ABCD
 '¾ T (D) Ç

−→



ÓyF�Ô�Õ@ÖDL�F�H Q À�*-304R1& ��² #6�Æ#�² 
(A; (

−→
AB,

−→
AC))

=01&*G">*B¾W�²$&,' 7�² #6��²Î#4! '39¾/*-39¾ T 4#Ä¼½\(0¾!$& #39¾�ç
6+*-�s¾W$&�IÃ� #4@,'½\">6�½\4!*-39¾W #4
Ã0 #4
Ê\ ','¾W ';��!4 −−−−−−−→T (A)T (B) =

−−→
BC = −−→

AB+
−→
AC

 �¾ −−−−−−−→T (A)T (C) =−−→
BD = −2

−→
AB+

−→
AC

Ã+*-3�4�1&*7(+*B4! 
(
−→
AB,

−→
AC)

*B$&3�4²$�:<;� RÃ� '4�,#½�½\�!Ã0½\3�3�Î' #4�Ã� T (A) = BÃ+*-3�4�12 q�! #6�Æ#�² Ç Ø 35¾!�!½\;�Ê\ 
(

−1 −2
1 1

) (

x
y

)

+

(

1
0

)

.

À�*-3�4R12 ��² #6�Æ#�! q,/.0½\$&4²$�=012 �6�½\$&39¾
D
*ª6�½\;��U,#½�½\�!Ã0½\3�3�Î' #4

(−1, 1)
 �¾�4!½\3Á$2"¢*-Ñ- 76+*B� T *

6I½-;��R,#½�½\�!Ã0½\3�3�Î' #4
(

−1 −2
1 1

) (

−1
1

)

+

(

1
0

)

=

(

0
0

)

.

� ;0¾!�! '"> '3<¾ÚÃ�$�¾M= T (A) = D Ç
�y¹qº�� 6�½\$&39¾W4s¿@À�*-304Ú12 q6�1k*B35 ';�,#12$&Ã�$2 #3y=0½\3Å,#½\3�4²$&Ã�Æ'�! p1& q6�*-�W*-"%Î'¾!�W*-Ñ- qÃ� p,#½\;��²(I 

P (t) =

(

t2 + 1

t3 − 1
,

2t

t3 − 1

)

, t ∈ Ω = R \ {1}.
*9Ì È *-,/.�*-39¾R:<;� q1& '4³6�½\128�3��\"% #4 2t3 + 1

 '¾
t3 + 3t + 2

3yÄ¼½\39¾R*-;�,';�3��#Î'�!½ª,'½\"%"ª;�3y=
Ê\Î'�!$�Ï+ #�Ú:<;yÄß$21y4#Äß*-Ñ\$�¾�ÃyÄ¼;�3Ù*B�!,q�!Î'Ñ\;�12$& #�³Ã� p,#½\;��²(I Ç(iÌ¯À�½\303� #�Ú1�Ä¼Î#:<;+*B¾!$&½\3ÁÃ0 ®1&*ª¾/*-3�Ñ- #39¾W ®*-;Å6�½\$&39¾

P (0),MÌ¯À�Î'">½\39¾!�! #�Ú:<;� ®1& #4�6�½\$&39¾!4
P (t)

=
P (u)

 �¾
P (v)

4²½\39¾7*-1&$2Ñ\3�Î#4 ä
t, u, v ∈ Ω

Ã� #;�É
çÅÃ� #;�ÉæÃ0$&4²¾!$&3�,�¾W4WÌq4²$� '¾®4! ';�1& '"> '39¾G4²$

tuv = t + u + v + 1 Ç	� �-¥D¥��/£������b� Q 1& '4
,M*B1&,#;01&4K6I ';0Ê\ '3<¾�4'Ä *MÊ-Î#�! '� ��*-4s¾W$&Ã0$& #;�É�=w¾W '�!"%$&3� '��6�*-��,' ³6�½\$&39¾ Ç�
 1<Ê\½\;04v #4s¾v1&½-$&4!$2(�1& ÃyÄ¼;0¾W$21&$24! #�³1& q�!Î'4!;�1�¾/*B¾�Î'3�½\3�,'Î¯ç|1&*~:<;� '4²¾!$&½\3æC Ç

ÓyF�Ô�Õ@ÖDL�F�H�Q�Ø 3Å¾W�²½\;0Ê\ 

DtP =

(

−t(2 + 3t + t3)

(t3 − 1)2
,−2(1 + 2t3)

(t3 − 1)2

)

.

� ;pÊ�;GÃ� �1k*)4²;�Ñ\Ñ\ '4²¾!$&½\3y=b1& '4@Ã� #;�É®,'½\"%6I½\4!*-39¾W '4K30 U6� #;0Ê- #39¾��'¾W�² U4²$&"ª;012¾/*B3�Î#"% #39¾
3<;�121& #4 ÇÐ�3
t = 0

=�½\3Ë*¢;�30 ¯¾/*-30Ñ\ #39¾W GÊ\ #�s¾W$2,M*-12 ¯ '¾
P (0)

*¢6�½\;���,'½�½-�!Ã�½\303�Î# '4
(−1, 0) Ç � $23�4!$�=1�Ä¼Î#:<;+*B¾!$&½\3ÁÃ0 ®1&*ª¾/*-3�Ñ- #39¾W p #4s¾ÚÃ�½\3�3�Î' G6�*-�

x = −1 Ç� 6��²Æ#4�,M*B1&,#;01�=�½\3Á¾!�!½\;0Ê- 

det(
−−−−−−→
P (u)P (v),

−−−−−−→
P (u)P (t)) =

2(t − u)(t − v)(u − v)(tuv − t − u − v − 1)

(t3 − 1)(u3 − 1)(v3 − 1)
.

Û  #4��!Î' #124 t, u, v
Î'¾/*B3<¾�Ã0 #;�É%çqÃ� ';�É|Ã0$&4²¾!$&3�,�¾W4'=9,# �Ã�Î'¾! #�²">$23+*-39¾�4#Äß*-3�3<;�12 R4!$� �¾�4! ';�1& '"> '3<¾

4!$
tuv = t + u + v + 1 Ç


