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C @�)679DFE!GHE

IKJMLONHP�Q�LORSNUT
• V >,W�XY7�Z�#:%\[]Z�%,8U?A@�%,8^=_)+XY7�8UZ�)+`M>,#:%,7a=_%(8U8&@�#bZ�%(8bc�%,@�)+5656%(8 Z�)+8:=_)+7�1(=&%,8 %d=7A@�'e>,#&X2=_>,%(8 1(XY'eWMXY#^=4/F7a=U1430/21,@�7�%gfYXF8*7�XF' %(=eW�#:>,7�XY' h V %,7�Z�#:%i/2@'eXY)67�8j@!7�%ec�%(@�)65+56%bW0/2#k?A@�%(8:=&)6XY7mln'eo,'e%U%,7p1,/F8qZ�rs/F-�8:=&%,7a=_)+XY7utvh<wx5�%,8^=
/2=:=_%,7!Z�@9?A@�%k56%(8.#&>(WMXY7!8&%,8�c�XY@�#:7�)6%(8�8&XY)+%,7a=�1,56/F)6#:%,'e%,7a= C @�8^=_)+y�>,%,8(h

• "OXY@�#;56%,8.>d=_@�Z!)z/F7a=_8;Z�>(8&)6#&/F7a=�o(=&#&%k#&>,)+7a=_%,#:#&XY{F>,8�8&@�#�56/U'*/2=&)6|,#:%}Z�@\W0/F#�~=_)+%,5�B25+%�?A@�%(8:=_)+XY7�70/2)6#&%�#&%(5z/2=&)+c![ 1,%d=&=_%�W0/F#^=_)6%�7�%�8&%,#&/ W0/F8�Z�)68^=_#:)6-�@�>�/Hf2/F7a=
G�EF3��YE!h

• � %,8�>d=_@�Z�)6/F7a=_8.?A@�)�7!%k8:XY7a=�W0/F8.#:>,)67a=&%,#&#:XY{Y>(8.8&@�#.56/�'</2=&)6|(#&% Z!@\W�/F#:=&)6%,5Z�XY)�fY%(7A=;#:%,7�Z�#:%K5+%,@�#:8.8&XY5+@!=_)+XY7�8.W�XY@�#.'e)6Z�)�/F@\W�56@�8�=_/F#&Z�h
��XY7�=_#&/HfF/2)65��
�K���x���0���S�<���p�4���v�_�4�d�����������d�$�0  ��¡F�¢�}���d�}£O  �S���\¤,¥4�F�u�4¦0��£S�4�*�����§�S�n�����!�©¨��S���

�����§�ª�n�������4��« ���6¬d�x�j�6���_�K£S�}�& �:®A�F«<�d�e�0�d�S����¤4�4�4�4�d�¢�x�d�k£S�����§�a�q�6���S¡��q£S¤d¯F�d�6�4�a�0�d°
«<�d�0�������U���§�a��£S�$±v�a�d��� ²��&�F�n�����!�x³F�
´0µ·¶ �¸W�XY)67a=_8^¹;ºªXY)�=

E
@�7»%,8&W�/F1,%gfY%(1(=_XF#&)6%(5.Z�%gZ�)6'e%,7!8&)6XF7¼y07�)6%�%d=

T
@�7»%,7S~

Z�XY'eXY#&W!3�)68:'*%©Z�%
E
h¾½9XY7a=&#&%,#\%d¿ªW�5+)61()+=_%('*%(7a=g?S@!%

ker T ⊆ ker T 2
%(=9?S@!%

Im T ⊇ Im T 2
h�À >,'eXY7a=_#:%,#�%,7!8&@�)�=_%q?A@�%

ker T = ker T 2 ⇔ Im T = Im T 2.Á�J�ÂnÃÅÄ�PnJ�LÆT ºªXY)�=
x
/FW�W0/2#:=_%(70/F7a=e[

ker T
h¼Ç�%(5z/]8:)6{Y7�)�y0%�?A@�%

Tx = 0
h¸wx5

fS)6%,7a=
T 2x = T (Tx) = T0 = 0

XYÈ9WMXF@�#�5z/UZ�%,#:7�)6|(#&%k>,{a/F5+)+=&>FB�XY79@!=_)+56)+8&%j56%jcn/F)�=
?A@�%

T
%,8^=É5+)67�>,/F)6#:%Fh�Ê @!=&#&%,'e%,7a=;Z�)�=

x
/FW�W�/F#:=&)6%,7a=;[

ker T 2
h

ºªXY)�=
y
/FW�W�/F#:=&%,70/F7a=;[

Im T 2
h�Ç�%(5z/b8&)+{Y7�)+y�%j?S@�rs)+5�%d¿ª)68^=_%

x
=&%,5
?A@�%

T 2x = y
h

Ë 7�/
y = T (Tx)

%(=qZ!XY7�1
y
/FW!W0/F#:=&)6%(7A=k[

Im T
W�@�)+8&?A@�rÌ)65�%,8:=q5�rs)+'</2{Y%�W0/2#

TZ�%
Tx
h Ë 7g8_/2)+=Kl�=&3�>,XF#&|,'e%jZ�%q5z/bZ�)+'*%(7�8&)+XY7ut�?A@�%

dim Im T + dim ker T = dim E = dim Im T 2 + dim ker T 2.À |,8\56XF#&8,B 8&)
ker T = ker T 2

B}1(%,56/»%(7A=&#_/2Í67�%¸Z�%
dim Im T = dim Im T 2

%d=
W�@�)+8&?A@�%

Im T ⊇ Im T 2
BÉXF7Î1,XY7�1(56@!=�?S@!%

Im T = Im T 2
h Ë 7ÎW�#:Xª1(|,Z�%©Z!%

'*o('*%jW�XY@�#.5�rÏ/2@!=_#:%j)6'eW�56)+1H/2=&)6XY7�h
Ð�µj¶ÏÑ W�XY)67a=_8^¹

/at�"�XF@�#}?A@�%,5+56%Yln84t�fF/256%,@!#�ln8_t;Z�@iW0/F#_/2'*|d=_#&%K1,XY'eW�5+%d¿ª%
µ ∈ C

B�56/*'*/2=_#:)61,%
8&@!)+f2/F7a=_%

A =









0 1 0 0
1 µ 1 1
0 1 0 0
0 1 0 0









%,8^=:~�%,565+%jZ�)z/2{YXY70/F5+)68&/F-�56% Ò



-ut�"�XF@�#}?A@�%,5+56%Yln84t�fF/256%,@!#�ln8_t;Z�@iW0/F#_/2'*|d=_#&%K1,XY'eW�5+%d¿ª%
µ ∈ C

B�56/*'*/2=_#:)61,%
A
%,8^=:~x%(565+%jZ�)z/F{FXY70/F5+)68_/2-�56%;W0/F#.@�7!%k'*/2=&#&)61(%j@�7�)�=4/F)+#&%qÒ

1Ht�À}/F7!8�56%;1H/F8�XYÈ
µ = 1

BªZ�)6/F{YXY7�/F56)+8&%,#
A
Bªc�XF@�#&7�)+#

S
%d=�56/k'*/2=_#:)61(%ÉZ�)6/F{YX2~

70/F5+%
S−1AS

1,XY#:#&%(8&W�XY7�Z0/F7a=&%Fh��$8:=:~�)65�W�XY8:8&)6-!56%}Z�rs/HfYXY)+#
S
@�7!)+=4/2)6#&%É%(=�8:)

XY@�)�B�W�#:%,7�Z�#:%K@!7\=&%,5
S
h

Á�J�ÂnÃÅÄ�PnJ�L�T Ë 7g=_#:XY@!fY%

det(A − λI) = λ2

(

λ − µ −
√

12 + µ2

2

)(

λ − µ +
√

12 + µ2

2

)

Ê W�#:|,8;1H/F5+1,@�5�B0Z�%,@S¿i1,/F8;Z�%ky�{Y@�#&%(8 8:%KW�#:>,8:%,7a=_%(7A=,hÉºª)
µ = ±2i

√
3
B�/F56XY#:8�XY7

%,8^=}%,7iW�#&>(8&%,7!1,%bZ�%(@ª¿if2/F5+%,@�#:8ÉW!#&XYW�#:%,8ÉZ�XY@�-�5+%,8
0
%d= ±i

√
3
h;"OXY@�# 1(%�W�#:%,'e)6%,#

1H/F8(B�56%,8<'�@�5+=&)6W�5+)61()+=_>(8U/F56{F>,-�#:)6?A@�%\%(=�{Y>(XY'e>(=_#:)6?A@�%9Z�%]5z/¸f2/F56%(@�#<W�#:XYW�#:%
i
√

3Z�)+`M|,#:%,7a=;%(=
A
7�rÌ%,8^= Z�XF7�1qW0/F8.Z�)6/F{YXY70/256)68&/F-�5+%Fh

ºª)
µ 6= ±2i

√
3
BS/F56XF#&8�XY7e%,8:=�%,7*W�#&>(8&%(7�1,%ÉZ�rs@!7�%;f2/F5+%,@�#�W�#:XYW�#:%;Z!XY@�-�5+% T

0
%d=

Z�%�Z�%(@ª¿KfF/256%,@!#&8�W!#&XYW�#:%,8 8:)6'eW�56%(8
(µ−

√

12 + µ2)/2
%(=

(µ+
√

12 + µ2)/2
hOwx1,)�B

XY7¸fY>,#:)+y0%U?A@�%
A
%,8:=KZ�)6/F{YXY70/256)68&/F-�5+%�l�)65 8:@��U=�Z�%UfY>(#&)�y0%,#q?A@�%e5z/�'�@�5�=_)6W!56)61()+=&>

{Y>,XF'*>d=_#&)+?A@�%jZ�%
0
%,8^=

2
tdh

-ut�Ç�%(5z/p#:%(fS)6%(7A=\[pfFXY)6#*?A@0/F7�Z
A
%(8:=g@�7�%i'</2=&#&)+1,%i7!XY#&'*/F56%2h Ë 7 fY>(#&)+y�%

cn/F1,)+56%('*%(7A=�?S@!%
AA∗ = A∗A

8:)
%(=�8&%(@�56%('*%(7a=É8:)
µ
%,8:=;#:>,%,5�h

1�t�ºS)
µ = 1

BªXY7�%,8^=.%,7gW�#:>,8:%,7�1(%kZ�rs@�7!%j'</2=&#&)+1,%;#&>,%(565+% 8��S'e>(=&#&)6?A@�%el�Z�XY7�1 %,7
W0/F#^=_)61(@�56)+%,#(BO7!XY#&'*/F56%Ht}?S@!)�%(8:=�Z!)z/F{YXF70/F56)+8_/F-!56%�W0/2#K@�7!%<'*/2=_#:)61,%U@�7!)+=4/2)6#&%2h � /'</�=_#&)+1,%

S =









1/
√

6 −1/
√

2 1/N 1/M

0 0 (1 −
√

13)/2N (1 +
√

13)/2M

1/
√

6 1/
√

2 1/N 1/M

−2/
√

6 0 1/N 1/M









XYÈ
N = (13−

√
13)/2

%(=
M = (13+

√
13)/2

BA%,8^=�@�7!)+=4/2)6#&%kl�8&%(8�1,XF56XY7�7!%,8�8&XY7a=
XY#:=&3�XY7�XF#&'e>,%,8_t�%d=�=_%(565+%É?A@�%

S−1AS = diag(0, 0, (1−
√

13)/2, (1+
√

13)/2)
h

� h ¶ÏÑ W�XY)67a=_8^¹�ºªXY)�=
(e1, e2, e3)

@�7!%e-�/F8&%UZ�rÌ@�7 %,8&W�/F1,%UfY%(1(=_XF#&)6%(5
E
8&@!#

K
h Ë 7

1,XY7!8&)6Z!|,#&%q5�rs%(7�Z�XY'eXY#&W!3�)68:'*%
T : E → E

=&%,5
?A@�%
Te1 = 2e2 + 3e3, T e2 = 2e1 − 5e2 − 8e3, T e3 = −e1 + 4e2 + 6e3./at V %,W�#:>,8&%(7a=_%,# T

Z0/27�8�5z/b-0/F8:%
(e1, e2, e3)

h
-ut�À XY7!7�%,#;@�7�%q-0/F8:%q%(=;5z/�Z�)+'*%(7�8&)+XY7gZ�%

ker(T − idE)1Ht�À XY7!7�%,#;@�7�%q-0/F8:%q%(=;5z/�Z�)+'*%(7�8&)+XY7gZ�%
ker(T 2 + idE)Zut�½9XY7a=&#&%,#.?A@�%j56/�#&>(@�7�)+XY7�Z�%,8.-�/F8&%(8;XF-!=_%(7S@!%,8.%,7\/at�%(=.-ut�%,8:=�@!7�%j-0/F8:%

Z�%
E
h V %(W�#&>(8&%,7a=&%,# '*/2=_#:)61()6%,5+56%('*%(7A= T %(= T 2

Z0/27�8�1(%(=&=&%�7!XY@!fY%(565+%�-0/28&%Fh
−→



Á�J�ÂnÃÅÄ�PnJ�L�T /Yt
T
%,8^=É#:%,W�#:>,8:%,7a=_>KZ0/F7�8�5z/�-�/F8&%

(e1, e2, e3)
W0/F#





0 2 −1
2 −5 4
3 −8 6



 .

-ut
xe1 + ye2 + ze3

/FW�W0/2#:=_)+%,7a=�[
ker(T − idE)

B
x, y, z ∈ K

Bª8&)M%(=�8:%,@�5+%,'e%,7a=
8&)





−1 2 −1
2 −6 4
3 −8 5









x
y
z



 =





0
0
0





%(= y�70/F56%('*%(7a=HBY8:)!%(= 8&%,@!56%,'e%,7a=�8:)�B
x = y = z

h ÊÉ)67�8:)�BY@!7�%�-0/F8:%.Z�%
ker(T −idE)%,8^=.Z�XY7�7!>,%jW0/F#�56%;fY%,1d=_%(@�#

e1 + e2 + e3

%d=.5z/�Z!)6'e%,7�8:)6XY7*Z�%
ker(T − idE)

f2/F@!=
1
h
1�t

xe1 + ye2 + ze3

/FW�W0/2#:=_)+%,7a=�[
ker(T 2 + idE)

B
x, y, z ∈ K

B!8:)�%d=�8:%,@�5+%,'e%,7a=
8&)





2 −2 2
2 −2 2
2 −2 2









x
y
z



 =





0
0
0





%(=�y070/256%,'e%,7a=,BS8:)u%(=�8&%(@�56%('*%(7A=�8&)�B
x−y +z = 0

h Ê )+7�8&)�Ba@�7�%;-0/F8&%;Z�%
ker(T 2 +

idE)
%,8^=iZ!XY7�7�>(% W�/F#g56%,8�fF%,1d=_%,@!#&8

e1 − e3

%d=
e2 + e3

%d=956/ Z�)6'e%,7�8:)6XY7ÎZ!%
ker(T 2 + idE)

f2/F@ª=
2
h

Zut � %,8�=&#&XY)+8�fY%(1(=_%(@�#&8 u1 = e1 + e2 + e3

B
u2 = e1 − e3

%(=
u3 = e2 + e3

8:XY7a=
56)+7�>H/F)+#&%('*%(7A=�)67!Z�>,W�%,7�Z�/F7a=_8$%(=�c�XY#&'e%,7a= Z!XY7�1.@�7�%�-0/F8&%.Z!%

E
?A@�)!%(8:=�@�7b%(8&W0/F1(%

Z�%bZ�)+'*%(7�8&)+XY7
3
hKÀ}/F7!8j1,%(=:=_%b-0/28&%FB

T
%(=

T 2
8&%b#:%,W�#:>,8&%(7a=_%,7a=K#&%(8&W�%,1(=&)+fF%,'e%,7a=

W0/F#.5+%,8�'</�=_#&)+1,%(8




1 0 0
0 1 1
0 −2 −1





%(=




1 0 0
0 −1 0
0 0 −1



 .

wx5
8&@��U=;Z�%q1H/2561,@!56%,#.5+%,8.1(XY'*W�XY8&/F7a=_%,8�Z�%(8
Tui

Z0/F7!8;56/�-0/F8:%
(u1, u2, u3)

h
�Åµj¶�� W�XY)67a=_8^¹ V >,Z�@�)+#&%q[U5z/�c�XY#:'*%j1,/F7�XY7!)6?A@�%jZ�%��FXY#:Z0/F7\5z/�'*/2=_#:)61,% 8&@�)�fF/27A=&%

M =









3 −1 1 −7
9 −3 −7 −1
0 0 4 −8
0 0 2 −4









.

Ë 7gc�XF@�#&7�)+#_/b@�7�%q'*/2=_#:)61(%
S
%d=É56/�'</�=_#&)+1,%j#:>,Z�@�)�=_%

S−1MS
1,XY#:#&%,8:WMXF7�Z0/F7a=_%2h

Á�J�ÂnÃÅÄ�PnJ�L�T

S =









5 7/6 3 1
0 0 9 0
6 3/2 0 0
3 0 0 0









%(=
S−1MS =









0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0











��µi¶ ��WMXY)+7a=_8:¹ Ë 7 1(XY7�8:)6Z�|(#&%U@�7
C
~�fY%(1(=_XF#&)6%(5

E
Z!%eZ!)6'e%,7�8:)6XY7iy�7�)6%2B
@�7¸%,7�Z�X�~

'*XF#&W�3�)+8&'e%
T
Z�%

E
%d=KZ!%,8k8&XY@�8�~x%(8&W0/F1(%,8kfY%,1d=_XY#:)6%(568

E1, . . . , Ep

8:=4/2-�56%(8kW�XY@�#
T
%(=}=&%,568 ?S@!%

E = E1 ⊕ · · · ⊕ Ep

h Ë 7]7�XF=&%
Tj : Ej → Ej

5z/*#:%,8^=_#&)+1(=&)6XY7]Z!%
T
[

Ej

B
j = 1, . . . , p

B�'eXY7a=_#&%(#É?A@�%�56%�W�XY5 �ª7��Y'*%q1,/F#_/F1d=_>(#&)68^=_)+?S@!%�Z�%
T
%(8:=}5+%

W�#&XSZ�@�)�=.Z�%(8ÉW�XY5 �S7��F'*%(8.1H/F#&/F1(=&>,#&)+8:=&)6?A@�%,8�Z�%(8
Tj

B�1FrÌ%,8^=:~x[�~xZ�)+#&%
χT (λ) = χT1

(λ) · · ·χTp
(λ).

Á�J�ÂnÃÅÄ�PnJ�L T Ë 7»1,XY7!8&)6Z!|,#&%g@�7!%9-0/28&%
(ei,1, . . . , ei,di

)
Z�%g1430/F1,@!7mZ�%(8e8:XY@�8�~

%,8:W0/F1,%(8
Ei

XYÈ
dim Ei = di

BÉW�XY@�#
i = 1, . . . , p

h ÊÉ@Îfª@ Z�%(8�3 �SW�XF=_3!|,8&%(8,B
5�rÌ@�7�)+XY7©Z�%e1,%,8k-0/F8:%,8qc�XY#&'e%b@�7�%U-0/28&%

U
Z�%

E
h*ºª)

Ai

#:%,W�#:>,8&%(7a=_%
Ti

Z0/F7�8k5z/
-0/F8:%

(ei,1, . . . , ei,di
)
B�/256XY#:8

T
8&%g#:%,W�#:>,8&%(7a=_%\Z0/F7�8U5z/©-0/28&%

U
W0/2#b5z/]'*/2=_#:)61,%

diag(A1, . . . , Ap)
h�À |,8;56XF#&8,B!XY7\/

χT (λ) = det(diag(A1 − λId1
, . . . , Ap − λIdp

)) = Πp
i=1

χTi
(λ).
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"$#&%('*)+%,#.-0/2143�%,5+)6%,#.%(798:1,)+%,7�1(%,8;'</2=&3�>,'*/2=&)6?A@�%,8(B

C @�)679DFEYE��

��)67�Z!%k5�rs%v¿!/F'*%(7 ´ªÐ�� ��� �
��µj¶ �UW�XY)67a=_8^¹OºªXY)�=

G =











2x 0 0
0 1 x
0 0 1



 | x ∈ R







.

½9XY7a=_#:%,#É?S@!%
G
'�@�7�)ÅZ�@iW�#&XSZ�@�)�= @�8:@�%,5OZ�%K'</2=&#&)+1,%,8;%,8^=}@�7i{Y#&XY@!WM%k1,XY'e'�@ª~

=4/2=&)+c�h�Ç�/2561,@!56%,#.56/�W�@�)+8&8_/27�1,%
n
~�)6|('*%2B�WMXF@�#�=_XY@ª=

n
%(7a=_)6%(#,B0Z�%q56/�'</2=&#&)+1,%





2x 0 0
0 1 x
0 0 1



 .

Á�J�ÂnÃÅÄ�PnJ�L©T )+5!%(8:=�/F)+8&>�Z!%�fY>,#:)+y0%(# ?A@�%.56%�W�#&XSZ�@�)�= Z�%�Z!%,@ª¿�>,56>('*%(7a=_8$Z�%
G
%,8^=

)67a=_%(#&7�%2B�/28&8&XS1,)6/2=_)�c�B01,XY'e'�@!=_/2=_)�cO%(=}?A@�%KWMXF@�#
x = 0

Bu56/e'*/2=_#:)61(%
I
/2W�W0/F#^=_)6%(7a=

[
G
%(= C XY@!%k5+%j# �Y5+%jZ�%q7�%,@ª=_#&%2h � rÌ)67afF%,#&8:%KZ!%





2x 0 0
0 1 x
0 0 1





%,8^=




2−x 0 0
0 1 −x
0 0 1





?A@�)Å/FW�W0/2#:=_)+%,7a=�-�)+%,79[
G
h Ë 7\'*XY7a=&#&%jW0/F#.#:>,1(@�#&#:%,7�1(%�8&@!#

n ∈ N
?S@!%





2x 0 0
0 1 x
0 0 1





n

=





2nx 0 0
0 1 nx
0 0 1



 .

� µÉ¶ ��W�XY)67a=_8^¹ � =_@�Z!)6%,#�56% #&/F7�{�Z�%$5z/�'*/2=&#&)61(%�8:@�)+f2/F7a=_%2B %,7jc�XY7�1d=_)6XF7jZ�@qW0/F#_/2'*|d=_#&%
1,XY'eW�5+%d¿ª%

t
B









1 t 1 1
t 1 1 1
1 1 t 1
1 1 1 t









Á�J�ÂnÃÅÄ�PnJ�L T ºª)
t = 1

B�5+%}#_/F7!{eZ!%
A
f2/F@!=

1 �
8:)
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