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• W >,X�YG7�Z�#:%\[]Z�%,8V?A@�%,8^=_)+YG7�8VZ�)+`M>,#:%,7a=_%(8V8&@�#bZ�%(8bc�%,@�)+5656%(8 Z�)+8:=_)+7�1(=&%,8 %d=7A@�'e>,#&Y2=_>,%(8 1(YG'eXMYG#^=4/F7a=V1430/21,@�7�%gfGYF8*7�YF' %(=eX�#:>,7�YG' h W %,7�Z�#:%i/2@'eYG)67�8j@!7�%ec�%(@�)65+56%bX0/2#k?A@�%(8:=&)6YG7mln'eo,'e%V%,7p1,/F8qZ�rs/F-�8:=&%,7a=_)+YG7utvh<wx5�%,8^=
/2=:=_%,7!Z�@9?A@�%k56%(8.#&>(XMYG7!8&%,8�c�YG@�#:7�)6%(8�8&YG)+%,7a=�1,56/F)6#:%,'e%,7a= C @�8^=_)+y�>,%,8(h
•
"OYG@�#;56%,8.>d=_@�Z!)z/F7a=_8;Z�>(8&)6#&/F7a=�o(=&#&%k#&>,)+7a=_%,#:#&YG{F>,8�8&@�#�56/V'*/2=&)6|,#:%}Z�@\X0/F#�~
=_)+%,5�B25+%�?A@�%(8:=_)+YG7�70/2)6#&%�#&%(5z/2=&)+c![ 1,%d=&=_%�X0/F#^=_)6%�7�%�8&%,#&/ X0/F8�Z�)68^=_#:)6-�@�>�/Qf2/F7a=
� EF3��GE!h
• � %,8�>d=_@�Z�)6/F7a=_8.?A@�)�7!%k8:YG7a=�X0/F8.#:>,)67a=&%,#&#:YG{G>(8.8&@�#.56/�'</2=&)6|(#&% Z!@\X�/F#:=&)6%,5Z�YG)�fG%(7A=;#:%,7�Z�#:%K5+%,@�#:8.8&YG5+@!=_)+YG7�8.X�YG@�#.'e)6Z�)�/F@\X�56@�8�=_/F#&Z�h

��YG7�=_#&/QfF/2)65��
�0� l���X�YG)67a=_8_t ��YF)6%,7a=

A ∈ Cn
n

@�7�%b'*/2=&#&)61(%K7!YG7�7T@!5656%K%(=
0n

5z/*'</2=&#&)+1,%�7A@�5+56%
n× n

h � /b'</�=_#&)+1,%

B =

(

0n A
0n 0n

)

∈ C
2n
2n

%,8^=:~x%(565+%jZ�)z/F{FYG70/F5+)68_/2-�56% �]�F@�8^=_)+y�%,#.fGYF=&#&%q#&>(XMYF7�8&%2h
��J��n����PnJ�LmU�� 7�%kX�#:%,'e)6|,#:%q8&YG5+@!=_)+YG7�%,8^= Z�%k#&%('</2#&?A@�%,#;?A@�%

B2 = 0
h�� )+7�8&)�B

B>(=_/F7a=�@�7!% '*/2=_#:)61,%.7!)656X�YF=&%,7a=_%�7�YG7*7A@�565+%FBA%,5+56%.7�%�XM%(@!=�X�/F8�od=_#:%�Z�)6/F{GYG7�/F56)+8_/F-�5+%
ln1dc�h$#&>,8:@�5+=_/2=;8&@�#�5+%,8.%,7!Z�YG'eYG#&X�3!)68&'e%,8.7!)656X�YF=&%,7a=_8_tdh
� 7�%.8:YG56@�=_)6YF7bX�56@�8$1(5z/F8:8&)+?T@!%;%(8:=�5z/}8:@�)+f2/F7a=&%Fh�wx50%(8:=�1,56/F)6#�?T@!%

det(B−λI) =
(−λ)2n

h$��)67�8:) B
0
%,8^=�5 r¡@�7�)+?T@!%�f2/F56%(@�#�X�#:YGX�#:%}Z�%

B
Z�%j'�@�5+=&)6X�5+)61,)�=_>�/F5+{G>,-!#&)6?A@�%

2n
h � r¡%,8:X0/F1(%KX�#:YGX�#:%K/28&8&YT1,)+>k[ 0

%(8:=

{x ∈ C
2n | Bx = 0}.

wx5�8,rs/F{G)�=�Z�r¡@�7g%,8:X0/F1(%qfF%,1d=_YG#:)6%,5
Z!%jZ�)6'e%,7�8:)6YG7
2n− rg(B) = 2n− rg(A) < 2n1Q/F#

A
>(=4/27A=q7!YG7¢7A@�565+%FB�YG7�/

rg(A) > 0
hk� )67!8&) B�56%,8 '�@�5+=&)6X�5+)61()+=_>(8;/F56{G>(-�#&)+?A@�%

%(=�{G>(YG'*>d=_#:)6?A@�%.Z�%;5z/ f2/F5+%,@�#�X�#:YGX�#&%
0
>d=4/F7a=�Z�)+`M>,#:%,7a=_%(8,B

B
7�r¡%,8^=�X0/F8�Z�)z/F{FYG70/�~

56)+8_/F-�5+%Fh

£�� l�¤<X�YG)67a=_8_t ��YF)6%,7a=
n ≥ 2

@�7i%,7a=_)+%,# %d=}56/*'*/2=_#:)61,%
A = (ai,j) ∈ Rn

n

Z�>dy07�)+%
XMYF@�#�=_YG@!8

i, j ∈ {1, . . . , n}
X�/F#

ai,j =
i

j
.

¥ %(=:=_%�'*/2=_#:)61,%e%,8^=:~�%,565+%<Z�)6/F{GYG7�/F56)+8_/F-�5+%e�§¦$7¨1Q/F8�Z!%�#&>(XMYG7!8&%g/2©e#&'*/2=&)+fG%2B�5z/
Z�)z/2{GYG70/F5+)68:%,#,h
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det(A− λI) = det













1− λ 1
2

1
3
· · · 1

n

2 2−2λ
2

2
3
· · · 2

n

3 3
2

3−3λ
3
· · · 3

nhhh hhh hhh h h h hhh
n n

2
n
3
· · · n−nλ

n













.

"�/F#�5+)67�>,/F#&)�=_> Z!@9Z�>d=_%(#&'e)670/F7a=�X0/2#.#_/FX�X�YG#^=;/F@��g1(YG56YG7!7�%,8(B0YG7\/

det(A− λI) =
1

n!
det













1− λ 1 1 · · · 1
2 2− 2λ 2 · · · 2
3 3 3− 3λ · · · 3hhh hhh hhh h h h hhh
n n n · · · n− nλ













.

¦$7�8&@�)�=_%��&B!YG79X�%,@�=�1(YG7�8:)6Z�>(#&%,#�5+%,8�=_#&/F7�8^c�YG#&'*/2=_)+YG7�8�>(56>('*%(7A=_/F)6#:%,8.8:@�)+f2/F7a=_%(8
L2 ← L2 − 2L1, . . . , Ln ← Ln − nL1XMYF@�#.YG-!=&%,7�)+#

det(A− λI) =
1

n!
det













1− λ 1 1 · · · 1
2λ −2λ 0 · · · 0
3λ 0 −3λ · · · 0hhh hhh hhh h h h hhh
nλ 0 0 · · · −nλ













.

¦$7!y07�B�YF7¢%(`M%,1(=&@�%
C1 ← C1 + C2 + C3 + · · ·+ Cn

BMXMYF@�#}8&%�#_/F'e%,7�%(#j[<@�7!%
'</�=_#&)+1,% =&#&)6/F7�{G@�56/F)6#:% %d=�YG7\=&#&YG@�fG%

det(A−λI) =
1

n!
det













n− λ 1 1 · · · 1
0 −2λ 0 · · · 0
0 0 −3λ · · · 0hhh hhh hhh h h h hhh
0 0 0 · · · −nλ













= (−1)n−1(n−λ)λn−1.

"�YG@!#\=&#&YG@!fF%,#\@�7�% -0/F8:% Z�% 5 r¡%,8:X0/F1(% X�#:YGX�#:%p/F8:8&YT1,)+> [¨5z/ f2/F5+%,@�#gX�#:YGX�#&%
0
B

)65�8:@!©V=�Z�%g#:>,8&YF@�Z�#&%
AX = 0

h ¥ %98��T8:=_|('*%9%,8^=*=&#&)�f�)6/F56%('*%(7a=b>,?A@�)�fF/256%,7a=*[
5 r¡@�7�)+?T@!%j>,?A@0/2=&)6YG7

x1 +
x2

2
+ · · ·+

xn

n
= 0.

� rs%(7�8&%('�-�56%kZ�%(8�8:YG56@!=&)6YG7!8;%(8:=�Z�YG7�1k-�)+%,7\@�7i8:YG@�8^~�%,8:X0/F1,%kfG%(1(=_YF#&)6%(5�Z�%KZ!)6'e%,7�~8&)+YG7
n−1

/��a/F7a=OXMYF@�#�-0/F8:%
S1 = (1,−2, 0, . . . , 0)̃

B+h(h,h(B
Sn−1 = (1, 0, . . . , 0,−n)̃

h
wx5�#:%,8:=&%V[<=_#:YG@!fG%(#j@�7¢fG%(1(=_%(@�#jX�#:YGX�#&%b7!YG7¢7A@�5�Z�%

A
Z!%�f2/F56%(@�#}X�#:YGX�#&%

n
h � %fG%(1(=_%(@�#

Sn = (1, 2, . . . , n)
1,YG7afT)6%(7a=Qh ¦$7 %d`�%d=QB

ASn = nSn

h � / '</�=_#&)+1,%
S =

(

S1 · · · Sn

) %,8:=�=&%,565+%j?A@�%
S−1AS = diag

(

0, . . . , 0, n
)

.
� 7�%q8:YG56@!=&)6YG7g/25+=_%(#&70/�=_)+fF%j1,YG7!8&)68^=4/F)�=�[b%	��X�5+YG)+=&%,#.56%}cn/2)+=.?A@�%

A2 − n.A = 0
h

��

�������������	������������������� ��!#"$����!��&%'�(%)� ��*+�	���)��*,�����&% !+�-% �).���!+�+/0�������-����� ��!&1����	����� �$2
n! 3



��� l��gX�YG)67a=&84tk��YG)+=
C[X]≤2

56%
C
~�fG%(1(=&YG#&)+%,5$Z�%(8�X�YG5 �T7��G'e%,8jZ!%*Z�%({G#&>*/F@ X�56@�8

2
[ 1,YT%(©e1()6%,7a=&8\1(YG'eX�56%��!%(8,h ��YG)�=

α
@�7 7�YF'�-�#&%¢1(YG'eX�56%��!%2h � 7 1(YG7�8&)+Z�|,#:%

5 rs/FX�X�5+)61,/2=_)+YG7<5+)67�>,/F)6#:%
T : C[X]≤2 → C[X]≤2?A@�)�[

P
/F8&8:Y�1()6%q56%j#:%,8^=_%qZ�%q5z/bZ�)�f�)+8&)+YG7�Z�%

X3.P
X0/F#

X3 −X2 −X − α
h

/at W %,X�#:>,8&%(7a=_%,# T
Z0/27�8�5z/b-0/F8:%

(1, X, X2)
h

-utK� ?A@�%,5+56%al�84t�1(YG7�Z�)�=_)6YF7�ln8_t�8&@�#
α
B
T
%,8^=:~�)65�@�7\)68:YG'eYG#&X�3!)68&'e%q�

1Qt���)
α = 0

B�1Q/2#_/F1d=_>,#:)68:%,#�56%(8;>(56>('*%(7A=&8.Z�%
C[X]≤2

/FX!X0/F#:=&%,70/27A=�[��F%(#
T
h

Zut���)
α = 0

B�?A@�%,5�%(8:=;56%j#&/F7�{VZ�%
T
�

��J��n����PnJ�L9U ��YF)+=
@�7kX�YG5 �T7��G'e%
P (X) = aX2+bX+c

h � /.Z�)+fT)+8&)6YF7j%,@�1(56)6Z!)6%,7!7�%Z�%
X3.P

X0/F#
X3 −X2 −X − α

Z!YG7�7�%
X3.P = (aX2 + (a + b)X + 2a + b + c).(X3 −X2 −X − α)

+ α(2a + b + c) + (2a + b + c + (a + b)α)X + (3a + 2b + c + aα)X 2.
� 7�/F@�#_/2)+=�X�@�7�%�X0/F8 #&>Q/256)68:%,#�1,%b1Q/2561,@!5�'*/F)68(B�8:>,X0/F#:%,'e%,7a=QB
1,/F561(@�56%(# 5+%,8 Z!)+fT)�~
8&)+YG7�8.%,@!1,56)+Z�)6%(7�7�%(8;Z!%

X3 B X4 %(= X5 X0/F# X3 −X2 −X − α
h

/at�"�YF@�#
a = b = 0

%(=
c = 1

B�YG7 =_#&YF@!fG%
T (1) = α + X + X2 h "�YG@!#

a = c = 0
%(=

b = 1
B�YG7i=&#&YG@!fF%

T (X) = α + (1 + α)X + 2X2 hq¦$7!y07�B�X�YG@�#
b = c = 0

%(=
a = 1

B�YG7 /
T (X2) = 2α + (2 + α)X + (3 + α)X2 h9� �G/F7a=

[97�Y2=_#&%*Z�)68:XMYF8&)+=&)6YG7�BO5+%,8K)6'*/F{G%,8qX0/2#
T
Z�%(8KfG%(1(=&%,@�#:8bZ�%<-0/28&%FB�YG7 YG-!=&)6%(7A=K5z/

#&%(X�#&>(8&%,7a=_/2=_)+YG79'*/2=&#&)61()6%(5656%;8&@!)+f2/F7a=_%

M =





α α 2α
1 1 + α 2 + α
1 2 3 + α



 .

-ut � r /FX!X�56)+1Q/2=&)6YG7 T
%(8:=�@�7<)+8&YG'eYG#:X�3�)68:'*%�8&)u%(=�8&%(@�56%('*%(7A=�8&)

M
%,8:=�)67afF%,#&8:)6-�5+%Fh

� #,BT)65uf�)+%,7a=�cn/21,)65+%,'e%,7a=�?T@!%
det M = α3 h$� )+7�8&)�B T %(8:=.@�7�)+8&YG'eYG#:X�3�)68:'*%�8:)M%d=

8&%(@�56%('*%(7A=;8:)
α 6= 0

h
1�t � 7�X�%,@!=*@�7�%gc�YG)+8b%,7�1(YG#&%9%	��X�56YF)+=_%(#b5z/¢#&%(X�#&>(8&%(7A=_/2=_)+YG7m'*/2=&#&)61()6%(5656%*%,7�#&>d~
8&YG5�f2/F7a=

MX = 0
hO� )+7�8&)�B�5+%,8
>(56>,'e%,7a=&8
Z�@K7!Y��G/F@kYG7a=�Z�%,8�1,YF'*X�YG8_/27A=&%,8

(x, y, z)Z0/F7�8�56/�-0/F8&%
(1, X, X2)

8_/2=&)68^cn/F)68&/F7a=
{

x + y + 2z = 0
x + 2y + 3z = 01Fr¡%,8^=:~�[ ~xZ�)+#&%

x = y = −z
h�"�/2#.1,YG7�8:>,?A@�%(7a=QB

ker T = {a + aX − aX2 | a ∈ C}.Zut�"$@�)+8&?A@�%b5+%�7�Y0�a/2@¢Z�%
T
%,8^=jZ�%�Z�)+'*%(7�8&)+YG7

1
BM5�rs)+'</2{G%qZ�%

T
%,8^=jZ�)6'e%,7!8&)6YF7

3− 1 = 2
%(=;X�YG@�#.#&/FX�X�%,5 B

rg T = dim(Im T )
h



��� l��VXMYF)67a=_8_t�� =_YG@!=&%q'</2=&#&)+1,%

A =

(

a b
c d

)

, a, b, c, d ∈ C

/FX�X0/2#:=_%(70/F7a=�/F@
C
~ fG%(1(=_YF#&)6%(5

C2
2

B0YG7\/F8&8:Y�1()6%q5 rs/FX�X�5+)61,/2=_)+YG7
ϕA : C

2
2 → C

2
2, M 7→ AM −MA.

/at��}>(#&)�y0%,#�?A@�%qXMYF@�#.=_YG@!=
B ∈ C

2
2

B
ϕB

%,8:=;@�7\%,7!Z�YG'eYG#&X�3!)68&'e%jZ�%
C

2
2

h
���	��

������� U wx5�%,8:=�1,56/F)6#�?T@!%�X�YG@�#.=_YG@�=_%,8;'*/2=_#:)61,%(8

M, N ∈ C2
2

%(=;=_YG@!=
λ ∈ C

BAYG7*/
ϕB(M +N) = B(M +N)− (M +N)B = BM −MB +

BN − NB = ϕB(M) + ϕB(N)
%d=

ϕB(λM) = B(λM) − (λM)B =
λ(BM −MB) = λϕB(M)

h
-ut�� >(Z�@�)6#:% Z!@\X�YG)+7A=�X!#&>,1(>,Z�%(7a=}?A@�%q56%������������ �"!�#$� �%��&'��Z�%

B
B

C(B) = {M ∈ C
2
2 | BM = MB},

%,8^= @!798:YG@�8^~�%,8:X0/F1,%qfG%(1(=&YG#&)+%,5
Z�%
C2

2

h
���	��

������� U � 7p#:%,'*/F#&?A@�%*?A@�%

C(B)
%,8^=�%(7 cn/F)�=K5+%*7!Y��G/F@ Z�%

ϕB

h�wx5
8,rs/F{G)�=�Z�YG7�1q-�)+%,7gZ�r¡@�7\8&YG@�8�~x%(8&X0/F1(%KfF%,1(=&YG#&)+%,5
Z�%

C2
2

h
1Qt W %,X�#:>,8&%(7a=_%,# ϕA

Z0/27�8�@!7�%q-0/F8&%qZ�%
C2

2

Z!%qfFYF=_#:%q143�YG)��Mh
���	��

������� U ¥ YF7�8&)+Z�>,#:YG7�8;5z/�-0/F8:%qZ�%

C
2
2

U

E1 =

(

1 0
0 0

)

, E2 =

(

0 1
0 0

)

, E3 =

(

0 0
1 0

)

, E4 =

(

0 0
0 1

)

.

wx5�fT)6%(7A=

ϕA(E1) =

(

0 −b
c 0

)

, ϕA(E2) =

(

−c a− d
0 c

)

,

ϕA(E3) =

(

b 0
d− a −b

)

, ϕA(E4) =

(

0 b
−c 0

)

.

� )+7�8&)�B�5z/�'*/2=&#&)61(%j#&%(X�#&>(8&%,7a=_/F7a=
ϕA

Z�/F7�8�5z/�-0/28&%
(E1, . . . , E4)

%,8^=

M =









0 −c b 0
−b a− d 0 b
c 0 d− a −c
0 c −b 0









Zut��}>(#&)�y0%,#�?A@�%q#&{
ϕA = 2

8:)
%(=;8&%(@�56%('*%(7a=�8:)
(a, b, c, d) ∈ C4 \ {(m, 0, 0, m) | m ∈ C}.

���	��

������� U)( YG@!=�Z�r /F-�YG#:Z�B�8&)
a = d

B�)+5�%(8:=;1,56/F)6#�?T@!%k56/�'</�=_#&)+1,%
M
%(8:=

Z�%q#_/27�{
2
8:)
%(=;8&%(@�56%('*%(7a=�8:)

(b, c) 6= (0, 0)
h

¦$7�8&@!)+=_%2B�8&)
a 6= d

BM56/<'</�=_#&)+1,%
M
%,8^=jZ�%�#&/F7�{�/2@¢'*YG)+7�8

2
X�@�)+8&?A@�%

5z/k8&YG@!8^~x'*/2=&#&)61(%
M(2,3;2,3)

/�@�7�Z!>(=_%(#&'e)670/27A=�7�YG7<7T@!5 h$¦$7�cn/F)�=QBA?A@�%,5+56%,8
?A@�%<8:YG)6%(7a=K5+%,8jf2/F56%(@�#&8qZ�%

a
%d=

d
B�56%V#&/F7�{\Z�%

M
f2/F@!=

2
h*wx5$8&@!©V=KZ�%



fG>(#&)�y0%,#�?A@�% 56%,8
4
'*/2=_#:)61,%(8�?A@�)M-MYF#&Z�%(7A=

M(2,3;2,3)

YG7a=.@�7�Z!>(=_%(#&'e)670/27A=
7A@�5 h � 7gXM%(@!=;'*o('*%j8:%q56)6'e)+=&%,#�/F@��gZ!%,@��\Z�>d=_%(#&'e)670/F7a=&8.8&@�)�fF/27A=

det





−c b 0
a− d 0 b

0 d− a −c



 = 0, det





0 −c b
−b a− d 0
c 0 d− a



 = 0

1Q/2#;5+%,8.5+)6{G7�%(8
L1

%d=
L4

8&YG7a=;YGX�X�YG8:>,%,8(h
%Qt���)
#:{

ϕB = 2
B0Z�>,'eYG7a=_#:%,#.?A@�%

C(B) =〉I, B〈
h

���	��

������� U ¥ YF'*'e%�'eYG7a=_#&>V/2@ X�YG)+7A=}-utdB
C(B)

%(8:=k56%�7!Y��G/F@ Z�%
ϕB

h
"$@�)68:?A@�%KX�/F#.3 ��X�YF=&3�|,8:%FB�#&{

ϕB = 2
B�YG7\%,7\1,YF7�1,5+@!=�?A@�%

dim C(B) = dim C
2
2 − rg ϕB = 4− 2 = 2.

��rs/F@!=&#&%�X0/2#:=QBu)+5O%(8:= 1,5z/2)6#�?A@�%
I
%(=

B
/2X�X0/F#^=_)6%(7�7�%(7A=}[

C(B)
X�@�)+8&?A@�%

1,%(8jZ�%,@ �]'*/2=_#:)61(%,8 1(YG'e'�@!=_%(7a= =_#:)+fT)z/256%,'e%,7a=�/QfG%(1
B
hq��)

I
%(=

B
8:YG7a=

56)+7�>Q/2)6#&%('*%(7a=})67!Z�>,X�%,7�Z�/F7a=_8,B�YG7 /�Z�YF7�1b=_#&YF@!fG>V@�7�%b-�/F8&%VZ�%
C(B)

1,%
?A@�)$8&@�©e=,h��;YF=_YG7!8��;?T@!%b8&)

I
%(=

B
>d=4/F)+%,7a=q56)+7�>Q/F)+#&%('*%(7A=�Z�>(XM%(7�Z0/F7a=_8(B

B
8:%,#_/2)+=�'�@�5+=&)6X�5+%bZ�%�5 r¡)6Z!%,7a=_)�=_>Fh �}/27�8�1(%�1Q/F8(B�=_YF@!=_%*'</�=_#&)+1,%eZ�%

C2
21,YF'*'�@�=4/F7a=�/�fF%,1

B
B�YG7<%,7�1(YG7�56@!%,#_/2)+=�?A@�%

dim C(B) = 4
%d=�Z�YF7�1 ?A@�%

#&{
ϕB = 4

h
c_t�� >('*YG7a=&#&%,#�?A@�%kXMYF@�#�=_YG@�=_%q'</�=_#&)+1,%

B ∈ C2
2

B0YG7\/
〉I, B〈= C[B]Y��

C[A]
Z�>,8:)6{G7�%q5�rs%(7�8&%('�-�56%jZ!%,8�XMYF5 �T7��G'e%,8.Z�%q56/�'</2=&#&)+1,%

A
h

���	��

������� U wx5�%,8:=�1,5z/2)6#k?T@!%
〉I, B〈⊆ C[B]

h ¥ YG7�8:)6Z�>(#&YG7!8b5 rs/F@!=_#:%<)+7�~
1,5+@�8&)+YG7�h<��YG)�=

P (B) = akB
k + · · · + a0I ∈ C[B]

h � 7p/
B.P (B) =

P (B).B
h�� @!=&#&%,'e%,7a=;Z�)�=QB

P (B)
/FX�X0/2#:=_)+%,7a=;[

C[B]
h

��)O#&{
ϕB = 2

BMYG791,YG7!1,56@�= X0/2# 56%qX�YG)67a=�X�#&>(1,>(Z�%,7a=QB
C[B] ⊆ C[B] =

〉I, B〈
h

��)�#:{
ϕB 6= 2

B�5+%}XMYF)67a=�Zut�7!YG@�8�/FX�X!#&%,7!Z9?A@�%
B
%(8:=�@�7g'�@�5�=_)+X�56%;Z�%

5 r¡)6Z!%,7a=_)�=_>FBT) h¡%Fh�B
B = λI

h �}/F7!8�1,%}1,/F8,B
P (B) = P (λ) I

/F@�=_#&%('*%(7a=�Z�)�=QB
C[B] ⊆〉I〈

h
{At���YG)�=�5z/�'*/2=_#:)61(%

C =

(

α β
0 α

) /QfG%(1
β 6= 0.

�9YG7a=&#&%,# ?T@!%
ϕC

%(8:=}7!)656X�YF=&%,7a=QB�%,7]1,/F561(@�56%(#�5�rs)+7�Z�)+1,%qZ�%�7!)656X�YF=&%,7�1(%K%d=
c�YG@�#:7�)6#.@!7�%q1430/��z7!%kZ!%k5+YG7�{G@!%,@�#.'*/ ��)6'�@!'9h
���	��

������� U wx1,)�Ba5z/}'*/2=_#:)61,%�#&%,X!#&>,8:%,7a=4/27A=

ϕC

Z0/F7!8�56/}-0/F8:%
(E1, . . . , E4)%,8^=

N =









0 0 β 0
−β 0 0 β
0 0 0 0
0 0 −β 0









%d=
N2 =









0 0 0 0
0 0 −2β 0
0 0 0 0
0 0 0 0









, N3 = 0.

� 7!%�143�/��z7�%$Z!%$56YG7�{F@�%,@�#�'</ ��)+'�@�' %,8^=�Z!YG7�1$Z�YG7!7�>,%$X0/2#
E3, NE3, N

2E3

h
�
	 ��! ��%)��!+����� �����	!&! �$��
0!���!�� ����� ��!���� ��!�% !�� �	� � ��
�� � ��� ����% !�� ��!

B
��� ! �$� � �	� � ������%)��� ��% !


0!,%�� ��
0!+� ���)��* ��� ! � ��!���% !�� !�� � ��� %)!,� ��� .�
0!
φB
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���������
	��

�������������������� �!�
"$#&%('*)+%,#.-0/2143�%,5+)6%,#.%(798:1,)+%,7�1(%,8;'</2=&3�>,'*/2=&)6?A@�%,8(B

C @�)679DFEGEFH

��)67�Z!%k5�rs%��!/F'*%(7 ��£�� ��� �

��� ln¤eXMYF)67a=_8_t � )68:1,@!=&%,#�%(=;#&>(8&YG@!Z�#&%q56%j8��T8:=_|('*%






a x + a2 y = a3

b3 x + b2 y = b
x + y = a

Y��
a
%d=

b
8&YG7a=;Z�%,8;X0/F#&/F'e|(=_#:%,8.#:>,%,5+8,h

��J��n����PnJ�L U � /9'*/2=&#&)61(%VZ�@p8���8^=_|('*%�%d=�56/\'*/2=&#&)61(%e/F@�{G'e%,7a=_>(%<8:YG7a=�#&%(8&X�%,1v~
=_)�fG%,'e%,7a=

A =





a a2

b3 b2

1 1





%(=
(A|b) =





a a2 a3

b3 b2 b
1 1 a



 .

� %j#_/F7�{VZ�% A
f2/F@�=;/F@g'*YG)+7�8

1
h � %(8�8&YG@�8�~x'*/2=_#:)61(%,8�-�YG#&Z�/F7a=�56%j1,YF)67�)67�c�>,#&)+%,@�#{a/F@�143!%k8:YG7a=

(

a a2

1 1

) %d= (

b3 b2

1 1

)

Z�%qZ�>(=&%,#:'*)+70/F7a=�#&%(8&X�%,1(=&)+c
a(1− a)

%(=
b2(b− 1)

h
•
��)

a 6∈ {0, 1}
YF@

b 6∈ {0, 1}
B /F5+YG#&8�#:{

A = 2
%(=

det(A|b) = ab(1−a)(ab−1)
h

�}/F7�8�1,%k1Q/F8(BM8:)
a 6= 1/b

B�/F56YG#:8�#&{
(A|b) = 3

%(=�56%q8+�T8^=_|,'e%�%(8:=�)67�1(YG'eX0/2=_)+-�56%2h
��)

a = 1/b
BO5+%,8qZ�%(@���X�#:%,'e)6|,#:%,8q56)+{G7�%(8j8&YG7a=k'�@�5�=_)6X!56%,8 5 r¡@�7�%bZ�%V5 rs/F@!=&#&%b%d=K5+%

8+�T8:=&|,'e%K%(8:=;>,?A@�)�f2/F56%(7A=;/2@98���8^=_|('*%qZ�% ¥ #_/F'e%,#.8:@�)+f2/F7a=
{

b3 x + b2 y = b
x + y = 1/b

?A@�)�/bXMYG@!#;@!7�)6?A@�%q8&YF56@!=&)6YG7
(x, y) = (0, 1/b)

h
•
��)

a, b ∈ {0, 1}
h � 7\X�%,@!=;1,YF7�8&)+Z�>,#:%,#�56%(8.¤e1,/F8�8&>(X0/F#&>('*%(7a=Qh

• a = b = 0
B�56%e8+�T8^=_|,'e%�8&%*#&>(Z�@�)+=�[

x + y = 0
/��a/27A=�XMYG@!#K8:YG56@!=&)6YG7

{(λ,−λ) : λ ∈ R}
h

• a = 0
B
b = 1

Z�YG7�7�%(7a= @�7\8+�T8^=_|,'e%q1,56/F)6#:%,'e%,7a=�)67�1(YG'eX0/2=_)+-�56%2h
• a = 1

B
b = 0

BM5+%K8��T8:=_|('*%�8&%�#:>,Z�@!)+= [
x + y = 1

/��a/27A=}XMYG@!#�8:YG56@!=&)6YG7
{(λ, 1− λ) : λ ∈ R}

h$wxZ!%,' Z0/F7!8;5+%j1Q/F8
a = b = 1

h
��� l DbXMYF)67a=_8_t

/at � %,8;>,5+>,'e%,7a=_8.8:@�)+f2/F7a=_8�8:YG7a=:~x)+568.)+7AfF%,#:8&)6-!56%,8.Z�/F7�8 Z128
B

α = 15 et β = 46.
��)
YG@!) B�?A@�%(5
%,8:=�56%(@�#.)67afF%,#&8:%��



-ut��}@�%�XMYG@�fG%��v~�fFYG@�8�%(7�Z�>(Z�@�)6#:%�8:@�#�5+%�1Q/F#&/F1(=&|,#&%�-�) C %,1(=&)+c�Z�%,8�/FX�X�5+)61,/2=_)+YG7�8
Φα : Z256 → Z256 : x 7→ 15 x%(=
Φβ : Z256 → Z256 : x 7→ 46 x.��J��n����PnJ�L U � 7�/

128 = 27 B 15 = 3.5
%(=

46 = 2.23
h�� )67!8&)

15
%,8^=j)67afF%,#&8:)6-�5+%

'*YTZ�@�5+Y
128

ln1,/F#qX�#&%('*)+%,#j/QfG%(1
128

t '*/F)+8}X0/F8
46
h�wx5�fT)6%(7a=

128 = 8.15 + 8
B

15 = 1.8 + 7
B
8 = 1.7 + 1

h � %*5z[!B
1 = 8 − 7 = 128 − 8.15 − (15 − 8)

%d=
1 = 128 − 9.15 + 128 − 8.15 = 2.128 − 17.15

h�"�/F#k1,YF7�8&>(?T@!%,7a=QB
(15)−1 =

−17 = 111
'*YTZ

128
h

� r /FX!X�56)+1Q/2=&)6YG7 Φβ

7�r¡%,8^=}X0/F8;-�) C %,1(=&)+fF%Fh.¦$565+%j7�r¡%,8:= X0/F8;)67 C %(1(=&)+fG%2h."�/2#�%��!%('V~
X�56%2B

Φβ(0) = 0
%(=

Φβ(64) = 46.64 = 23.128 = 0
'*YTZ

128
h�¦�798&%K#_/F'e%,70/27A=

/F@��*Z�>dy07�)+=&)6YG7!8�Z�% 5 r¡)67 C %(1(=_)�fT)+=_>.%d=�Z�% 5z/q8&@�# C %,1(=&)+fT)+=&>FB�YG7<Z�>('*YF7A=&#&%;cn/F1,)+56%,'e%,7a=
?A@�%

Φα

%,8^=;-�) C %(1(=_)�cO%,7\%	��X�56YF)+=4/27A=�5+%}cn/F)+=�?T@!%
15
%,8:=�)67afF%,#&8:)6-�5+%j'*YTZ�@�5+Y

128
h

� � ln¤kX�YG)67a=_8_t��TYG)+=
C2

2

5�rs%(7�8&%('�-�56%�Z�%(8�'*/2=_#:)61(%,8
2×2

[K1(Y�%d©e1,)6%(7a=_8�1,YG'eX�56%���%,8
1,YG7!8&)6Z!>,#&>q1(YG'*'e%j@�7g%,8:X0/F1(%kfF%,1(=&YG#&)+%,5���� S��

E
h � 7g1,YG7�8:)6Z�|(#&%q5 r¡%,7!8&%,'�-�56%

A =

{(

a 0
c i b

)

| a ∈ C, b, c ∈ R

}

.

l ��@!{G{G%,8^=_)+YG7 U XMYG@!#j56%,8qZ�)+8:=&#_/F)�=_8,B
E
%(8:=k@�7 %,8:X0/F1,%VfG%(1(=&YG#&)+%,5$8&@!#

R 	
YG7�1,YG7T~

8&)+Z�|,#:%k@!7�)6?A@�%('*%(7A=;Z�%(8�1,YG'�-!)670/F)+8&YG7!8.56)67!>Q/F)+#&%,8�[e1(Y�%d©e1,)6%(7a=_8�#&>(%,568(h t
/at��9YG7a=&#&%��k?A@�%

A
%,8:=;@�7\8&YF@�8^~�%,8&X�/F1,%kfG%,1d=_YG#:)6%(5
Z�%

E
h

��JM�n�
� PnJ�L U � 7 fG>(#&)+y�%g/F)68:>,'e%,7a=b?A@�%
0 ∈ A

%(=V?A@�%
A
1,YG7a=_)+%,7a=V56%(8

1,YF'�-�)67�/F)68:YG7�8.56)+7�>Q/2)6#&%(8�Z�%q8&%(8�>,56>('*%(7a=_8,h
-ut�� >d=_%,#:'*)+7�%��q@�7!%k-�/F8&%k%(=�56/VZ!)6'e%,7�8:)6YG7�Z�%

A
h

��JM�n�
� PnJ�LmU
(

1 0
0 0

)

,

(

i 0
0 0

)

,

(

0 0
1 0

)

,

(

0 0
0 i

)

1Qt���YG)�=
H
56%k8&YF@�8^~�%,8&X�/F1,%kfG%,1d=_YG#:)6%(5�Z�%

E
1(YG7�8^=_)+=&@�>kZ�%,8�'</2=&#&)+1,%,8�3�%(#&'e)�~

=_)+%,7�7!%,8,h}�!/F1430/27A= ?A@�%�8_/*Z�)6'e%,7�8:)6YG7\1,YF'*'e%q8&YG@�8�~x%(8&X0/F1(%bZ�%
E
%,8^=

4
B

%,7\Z�>(Z�@�)6#:%q5z/bZ�)6'e%,7!8&)6YF7�Z�%
A + H

h
��JM�n�
� PnJ�LpU ¥ %,56/k#:%(fT)6%(7A=�%(7*cn/F)�=�[kZ!%(=_%(#&'e)67�%(#$5z/jZ�)+'*%(7�8&)+YG7VZ�%

A∩H1Q/2#
dim(A + H) = dim A + dim H − dim(A ∩H) = 8− dim(A ∩H).

� 7!%�'*/2=_#:)61,% (

a 0
c i b

) Z�%
A
/QfG%(1

a ∈ C
%d=

b, c ∈ R
%,8^=}3�%(#&'e)+=&)6%,7!7�%

8&)$%d=k8&%,@!56%,'e%,7a=q8:)
a = a

B
) h¡%Fh�B
a
%(8:=k#&>(%,5 B
%d=

b = c = 0
h�� @!=&#&%('*%(7A=

Z�)�=QB
dim(A ∩H) = 1

%(=
dim(A + H) = 7

h


