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M =









1 0 0 α
0 1 α 0
0 α 1 0
α 0 0 1
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det(M − λI) = (λ− α− 1)2(λ + α− 1)2
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1 − λ 0 0 α
0 1 − λ α 0
0 α 1 − λ 0
α 0 0 1 − λ
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λ = α + 1

BuYG7g=_#:YG@!fF%
x = t

%(=
y = z
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Eα+1

%,8^=
〉e1 + e4, e2 + e3〈
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λ = −α + 1
BAYG7<=_#:YG@!fF%

x = −t
%d=

y = −z
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E−α+1
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〉e1−e4, e2−e3〈
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S =









1 0 1 0
0 1 0 1
0 1 0 −1
1 0 −1 0
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MM∗ = I
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(MM∗)1,1
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1 + αα = 1
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α = 0
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A ∈ C2
2

B0YG7\/
A2 − (trA) A + (det A) I = 0.
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A ∈ C3

3

B0YF79/

A3 − (trA) A2 +
1

2
((trA)2 − trA2) A − (det A) I = 0.
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χA(A) = 0
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χA(λ) = λ2 − (trA) λ+detA
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χA(λ) = −λ3 + (trA) λ2 − αλ + det AY��
α
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A =





a b c
d e f
g h i
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α = ae − bd + ai − cg + ei − fh.
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(trA)2 − trA2 = (a + e + i)2 − (a2 + bd + cg + bd + e2 + fh + cg + fh + i2).wx5
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2α = (trA)2 − trA2
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S, T : R2
2 → R2

2X0/F#.#:%,8&X�%,1d=_)�fG%,'e%,7a=

T

(

a b
c d

)

=

(

d a
c b

) %d=
S

(

a b
c d

)

=

(

a + c 2a − b
b + d 2c − d

)

.
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T 369

(

1 2
3 4

)
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TA = A
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A, B ∈ R2

2

B YG7 /
S(A + B) = S(A) + S(B)

h �$7!y07�B
X�YG@�#*=&YG@!=

A ∈ R2
2

%(=�=&YG@!=
λ ∈ R

B.YG7 /
S(λA) = λS(A)

h ��%,5z/
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a + c = 0
2a − b = 0
b + d = 0
2c − d = 0

� )+7�8&)�B
ker S = {

(

−λ/2 −λ
λ/2 λ

)

| λ ∈ R}.

1Qt � %jXMYF)67a=.X�#:>,1,>(Z�%,7a=�'*YF7A=&#&%}?A@�% dim ker S = 1
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dim ker S +
rg S = dim R2

2

B!YG79%(7\=&)6#:%j?T@!%k5+%j#_/F7!{eZ!%
S
fF/2@!=

3
h
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'e)6|,#:%�1,YG5+YG7�7�%i%,8:=\)+7Af2/F#:)z/F7a=,h�"�YF@�#g56%,8

3
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T
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1,YF'*'e% @�7�% X�%,#:'�@!=4/�=_)6YF7�h wx5�8,rs/F{G)+=]Z�YG7�1 -�)+%,7 Z�r @�7�% /FX!X�56)+1Q/2=&)6YG7
56)+7�>Q/2)6#&%\-�) C %,1(=&)+fF%Fh l��}7 XMYF@!f2/F)+=</F@�8:8&) -!)6%,7 >dfT)6Z�%('*'e%,7a=efG>,#:)+y0%(#�56%
1Q/2#_/F1d=_|,#:%K)+7 C %,1d=_)�c�%d=;8&@�# C %,1(=&)+c�Z�%q5�rs/FX�X�5+)61,/2=_)+YG7

T
h t

%Qt�¡}/F7!8�56/�-0/F8&%

(

(

1 0
0 0

)

,

(

0 1
0 0

)

,

(

0 0
1 0

)

,

(

0 0
0 1

)

),

T
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S
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0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0
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1 0 1 0
2 −1 0 0
0 1 0 1
0 0 2 −1
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0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

















1 0 1 0
2 −1 0 0
0 1 0 1
0 0 2 −1









=









0 0 2 −1
1 0 1 0
0 1 0 1
2 −1 0 0
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T 3 = id = T 3i

X�YG@�#�=&YG@!=
i ≥ 0

h�¡ YF7�1FB

T 369

(

1 2
3 4

)

=

(

1 2
3 4

)

.

3ut � /i'*/2=_#:)61,%
(

a b
c d

) %,8^=�@�7pXMYG)+7a=ky�¢!%<Z�%
T
8:)�%d=�8:%,@�5+%,'e%,7a=�8:)

a =

b = d
h ��)67�8:)�B�5�rs%(7�8&%('�-�5+%jZ�%,8;XMYF)67a=_8�y!¢�%(8�%(8:=

{

(

a a
c a

)

| a, c ∈ R}.
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2
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A =









4 −1 0 2
4 0 0 4
2 −1 2 1
0 0 0 2
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det(A−λI) = (λ− 2)4

B�YF7�Z�YG7�7!%,#_/K@�7�% '*/2=&#&)61(%
S
%d=�56/kc�YG#:'*%

Z�% �FYG#&Z�/F7
S−1AS

1(YG#&#:%,8:XMYG7!Z0/F7a=_%2h
��J��n����PnJ�L h���YF@!=;Z�r /2-MYG#:Zg5z/�'*/2=_#:)61,%

A − 2I =









2 −1 0 2
4 −2 0 4
2 −1 0 1
0 0 0 0
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%,8^=jZ�%�#&/F7�{
2
h ��)67�8:)�B

E2

%(8:=jZ!%�Z�)6'e%,7!8&)6YF7
4 − 2 = 2

%(=}56/*'*/2=_#:)61(%
A
7�rs%(8:=

Z�YG7�1eX0/F8kZ�)6/F{GYG70/256)68&/F-�5+%�lnX!@�)68:?T@!%*56/\'�@�=_56)+X�56)+1,)�=_>k{G>,YG'e>(=&#&)+?T@!%eZ!%*56/�f2/F5+%,@�#
X�#&YFX�#&%

2
%,8^=�8^=_#:)61(=&%,'e%,7a=�)67!c�>(#&)+%,@�#:%�[k8&/k'�@!5+=_)+X�56)+1,)�=_>�/F56{G>(-�#&)+?A@�%�tvh$�}7*1,/F561(@�56%

%,7�8:@�)+=&%
(A − 2I)2 = 0

h � )+7�8&)�B�56/9X�#:%,'e)6|,#:%*1(YG56YF7�7�%<Z!@p=4/F-!56%Q/2@p#&>(X0/F#^=_)�%,7
1430/��67�%,8el�%,7�{G%(7�Z�#:>,%,8qX0/2#

A − 2I
t;1,YG7a=_)+%,7a=

4 − rg(A − 2I) = 2
>,5+>,'e%,7a=_8 %(=

5z/bZ�%(@�¢�)6|,'e%k1,YG5+YG7�7�%q%,791,YG7a=&)6%,7a=
rg(A − 2I) − rg(A − 2I)2 = 2 − 0 = 2

h�wx5
cn/F@!=�Z�YF7�1j=_#&YF@!fG%(#�Z�%(@�¢g1430/��z7�%(8;Z!%K5+YG7�{G@�%(@�#

2
56)+7�>Q/2)6#&%('*%(7a=�)67!Z�>,X�%,7�Z�/F7a=_%,8(h

� %,8�1430/��67�%,8
e1, (A − 2I)e1

%d=
e4, (A − 2I)e4



#&>(XMYG7!Z�%,7a=j[*5z/V?T@!%,8:=&)6YG7i1Q/F#�56%,8;X�#:%,'e)6|,#:%K%d=}?A@0/2=&#&)+|,'e%K1(YG56YG7!7�%,8;Z�%
A − 2I8&YG7a=;1,56/F)6#:%,'e%,7a=.5+)67�>,/F)6#:%,'e%,7a=.)67!Z�>,X�%,7�Z�/F7a=_%,8(h�� )67!8&)�B!5z/�'*/2=_#:)61,%

S =









2 1 2 0
4 0 4 0
2 0 1 0
0 0 0 1









%,8^=;=&%,5+56%}?A@�%

S−1AS =









2 1 0 0
0 2 0 0
0 0 2 1
0 0 0 2
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"$#&%('*)+%,#.-0/2143�%,5+)6%,#.%(798:1,)+%,7�1(%,8;'</2=&3�>,'*/2=&)6?A@�%,8(B

C @�)679DFEGEFH

��)67�Z!%k5�rs%v¢!/F'*%(7 ����� ��� �
��� l��\X�YG)+7A=&84tj��YF)+=

n ≥ 3
@�7 %,7a=_)+%,#,h<�}7 1(YG7�8:)6Z�|(#&%e5�r %,7�8:%,'�-�5+%

Dn

Z�%(8K'*/�~
=_#:)61,%(8

n × n
[\1(Y�%�e1,)6%(7a=_8k#&>,%(568kZ�YG7a=K8&%,@!568k56%,8q>(56>,'e%,7a=&8k8:%*=&#&YG@!f2/F7a=k8&@!#K56/

Z�)z/2{GYG70/F5+%}X�#:)67�1()6X0/F5+%jYG@\8&@�#;5z/bZ�)6/F{GYG70/256%}8:%,1,YF7�Z0/F)+#&%kXM%(@!fG%(7A= o(=&#&%k7�YG7\7T@!568,h
"�/F#�%v¢!%('*X!56%FB!5z/b'</�=_#&)+1,%}8:@�)+f2/F7a=&%K/2X�X0/F#^=_)6%(7a=;[

D5













1 0 0 0 1
0 4 0 0 0
0 0 5 0 0
0 3 0 2 0
π 0 0 0 0













.

/at
	9YG7a=&#&%,#�?A@�% 5+%�X�#:Y�Z!@�)+=�Z�%�Z�%,@�¢*'*/2=_#:)61(%,8�?A@�%,5+1,YG7�?A@�%(8�Z�%
Dn

/FX!X0/F#^~
=_)+%,7a=�[

Dn

h
-ut � rs%(7�8&%('�-�5+% Dn

%(8:=:~�)65$@�7p8&YG@�8�~x%(8&X0/F1(%<fG%(1(=&YG#&)+%,5�Z�@
R
~�fG%(1(=&YG#&)+%,5

R
n
n

�
��)
YG@!)�B�?A@�%(5656%j%(79%(8:=;8_/VZ�)+'*%(7�8&)+YG7\�

1Qt���YG7<1,YG'eX�56>('*%(7a=4/F)+#&%
Rn

n \Dn

%(8:=^~x)65u@�7<8&YG@�8�~x%(8&X0/F1(%}fG%(1(=_YF#&)6%(5MZ!%
Rn

n

�
Zut���¢�X�56)+1,)+=&%,#.@�7\8&YF@�8^~�%,8&X�/F1,%qfG%(1(=_YF#&)6%(5

F
Z�%

Rn
n

=_%,5
?A@�%
Dn ⊕ F = Rn

n

h
%Qt���YG)�=

M =













1 0 0 0 1
0 1 0 1 0
0 0 1 0 0
0 1 0 1 0
1 0 0 0 1













∈ D5.



� @�%,5+56%�%(8:=k5z/<c�YF#&'e%b{G>,7�>(#_/F5+%�Z�%
Mk

BOX�YG@�#}=&YG@!=
k ≥ 1

h � /�c�YG#:'�@�5+%YG-!=&%,7A@�%k8&%(#_/VZ�>,'eYG7a=_#:>,%qX0/F#�#&>(1,@�#:#&%(7�1,%k8&@�#
k
h

c_t���YG)�=�5z/�'*/2=_#:)61(%

A =





a 0 b
0 c 0
d 0 e



 .

� ?A@�%(5656%Gln8_t\1,YF7�Z�)+=&)6YG7
ln84t�8&@!#
a, b, c, d, e

Bk5z/�'*/2=&#&)61(%
A
%,8^=:~�%,565+%p)+7�~

fG%(#&8:)6-�5+%��]¡ /F7�8�Z�%j=_%(5656%(8.1,YG7!Z�)+=&)6YG7�8(B!?A@�%(5O%(8:=;5�r )67afF%,#&8:%qZ�%
A
�

��J��n����PnJ�L h
/at � %,8\'</�=_#&)+1,%(8\Z!% Dn

8&YF7A=91Q/2#_/F1d=_>,#:)68:>,%,8\X0/F#g56/ X!#&YGX�#:)6>d=_> 8&@�)�f2/F7a=_%Fh
��7!%�'*/2=_#:)61,%

A
/FX�X�/F#:=&)6%,7a= [

Dn

8&)�%(= 8&%(@�56%('*%(7A=�8&)�BuXMYG@!#�=&YG@�8
i, j ∈

{1, . . . , n}
B�8&)

j 6= i
%d=

j 6= n − i + 1
B�/F56YG#:8

Ai,j = 0
h l��}@�B�%,7

1,YF7A=&#_/FX�YG8&/F7a=QB08&)
Ai,j 6= 0

B!/F56YG#:8
i = j

YG@
i = n− i + 1

h tV��YG)6%(7a=
A, BZ�%(@�¢\'</�=_#&)+1,%(8.Z�%

Dn

h$wx5�fT)6%,7a=

[AB]i,j =

n
∑

k=1

Ai,kBk,j = Ai,iBi,j + Ai,n−i+1Bn−i+1,j

8_/2@!c£Z0/27�8�56%j1Q/28
n
)+'*X0/2)6#�%d=

i = (n + 1)/2
B�YF7i/

[AB]i,j = Ai,iBi,j.

�$7�8&@!)+=_%2B!8:)
j 6= i

%d=
j 6= n− i+1

B�/F56YG#:8
Bi,j = 0

%d=�YG7<8,rs/FXM%(# � YG)+=�?A@�%
Bn−i+1,j = 0

h�¡ %q5z[!B
[AB]i,j = 0

B�1(%k?A@�)
8:@��V=Qh
-utKwx5.%,8^=V1,56/F)6#K5z/]'*/2=_#:)61,%*7A@�565+%�/FX�X0/2#:=_)+%,7a=e[

Dn

h � @ f�@ Z�%�56/]1Q/F#&/F1d~
=_>(#&)+8_/2=&)6YG7\Z�%

Dn

Z�YG7�7!>,%b/F@9XMYF)67a= X!#&>,1(>,Z�%(7a=QB�1(%(=}%(7�8&%('�-�5+%K1(YG7a=_)6%(7a=
%(`M%,1d=_)�fG%,'e%,7a=V5+%,8�1(YG'�-�)+70/F)68:YG7�8k56)+7�>Q/F)+#&%(8KZ�%�8:%,8b>(56>,'e%,7a=&8,h ��)

n
%,8^=

)6'eX0/F)+#,BO5z/iZ!)6'e%,7�8:)6YG7 Z�%
Dn

f2/F@!=
2n − 1

l�56%,8�Z�%,@�¢ Z�)z/2{GYG70/F5+%,8kYG7a=
@�7�>(56>,'e%,7a=�1,YG'e'�@�7utvh$"�/2#�1,YF7A=&#&%2B!8&)

n
%(8:=.X0/2)6#,BT5z/kZ�)6'e%,7!8&)6YF7*Z�%

Dnf2/F@!=
2n
h

1Qt � %i1(YG'*X!56>,'e%,7a=_/F)6#:%�7�%i1(YG7a=_%(70/F7a=�X0/28*56/ '*/2=_#:)61(%�7T@!5656%2B�)+5.7�%9X�%,@�=8,rs/F{G)+#.Z�r @�798:YG@�8�~x%,8:X0/F1(%KfG%(1(=&YG#&)+%,5�h
Zut���YG)�=

En

5�r %,7�8:%,'�-�5+%9Z!%,8<'*/2=&#&)61(%,8VZ�YG7a=<56%,8e>,5+>,'e%,7a=_8*Z�%,8*Z�)z/2{GYG70/F5+%,8
X�#:)67�1()6X0/F5+%�%d=q8&%,1(YG7�Z0/2)6#&%b8:YG7a=q7A@�568(h���@!=_#:%,'e%,7a=qZ�)+=,B�56%(8}>,5+>,'e%,7a=_8jZ!%
En

8:YG7a=\1Q/F#&/F1(=&>,#&)+8&>(89X0/2#\56/ X�#&YFX�#&)+>(=_> 8:@�)+f2/F7a=_%2h "OYG@�#�=_YF@�8
i, j ∈

{1, . . . , n}
B.8:)

j = i
YG@

j = n − i + 1
B;/F56YF#&8

Ai,j = 0
h "�/F#�Z�%(8

#_/2)68&YF7�7�%,'e%,7a=&8 /F7�/F56YG{F@�%,8�[V1,%(@�¢9Z�>(fF%,56YFX�XM>(8�1()�~�Z�%,8:8&@�8(B�)+5
8,rs/F{G)�=�-�)6%(7
Z�r @�7 8&YG@!8^~x%(8&X0/21,%�fG%(1(=_YF#&)6%(5 %d=

En ∩ Dn = {0}
h �$7!y�7�B )+5�%(8:=g1,56/F)6#

?A@�%q=_YG@!=&%q'</2=&#&)+1,%}Z�%
Rn

n

8,r YG-!=&)6%(7A=;1(YG'*'e%j8&YF'*'e%}Z�r @�7�%k'</�=_#&)+1,%}Z!%
En

%d=�Z!%
Dn

h]l��}7 /2@�#_/F)�=q>,{a/256%,'e%,7a=kX�@ @!=_)+56)+8&%,#j5+%bcn/F)+=q?A@�r @�7�%e=_%,5+56%
Z�>(1,YG'eXMYF8&)+=&)6YG7*%,8^=�=_#:)+fT)z/F5+%,'e%,7a=�@�7�)+?T@!%}XMYF@�#�1(YG7�1,5+@�#&% ?T@!%}5z/�8:YG'e'*%
%,8^= Z!)6#&%(1(=&%Fh t



%Qt
	9YG7a=&#&YG7�8;?A@�%qXMYF@�#.=_YG@!=
k ≥ 1

B

Mk =













2k−1 0 0 0 2k−1

0 2k−1 0 2k−1 0
0 0 1 0 0
0 2k−1 0 2k−1 0

2k−1 0 0 0 2k−1













.

� %�1Q/28bZ�%�-0/F8:% k = 1
%,8^=b)6'e'*>(Z�)z/�=Qhi��)�56/9X�#:YGX�#&)+>(=&>�%,8^=b8_/2=&)68^cn/F)+=&%

X�YG@�#
k ≥ 1

B�'eYG7a=_#:YG7�8.?A@�r %,565+%j5�r %,8^=�%(7�1,YF#&%qXMYF@�#
k + 1

h$wx5�fT)6%(7a=

Mk+1 = M.Mk =













1 0 0 0 1
0 1 0 1 0
0 0 1 0 0
0 1 0 1 0
1 0 0 0 1

























2k−1 0 0 0 2k−1

0 2k−1 0 2k−1 0
0 0 1 0 0
0 2k−1 0 2k−1 0

2k−1 0 0 0 2k−1













%(=;56/V1(YG7�1(56@�8:)6YG7g8&@!)+=Qh
c_t � %�Z!>(=_%(#&'e)670/27A=�Z�% A

f2/F@!=
c(ae−db)

h�� )67!8&)
A
%,8^=�)+7AfF%,#:8&)6-!56%�8&)

c 6= 0%(=
ae 6= db

h�¡}/F7�8;1,%q1Q/28,B05�r )67afF%,#&8:%qZ�%
A
%,8:=;Z�YF7�7�>qX0/F#

1

c(ae − bd)





ce 0 −cb
0 ae − bd 0

−cd 0 ac



 .

��� l�� X�YG)67a=_8_t]¡ )68:1,@!=&%,# %(= #:>,8&YF@�Z�#&% 56% 8 �T8:=_|('*% 8&@!)+f2/F7a= %,7 c�YG7�1d=_)6YF7 Z�@
X0/F#&/F'*|d=_#:%j#&>,%(5

a
B

{

x + ay + 2z = 0
ax + ay + 2z = 2.

��J��n����PnJ�L � � /b'</2=&#&)+1,%}Z�@\8 �T8^=_|,'e%k%,8:=;Z�YF7�7�>,%kX0/F#

A =

(

1 a 2
a a 2

)

.

� rs>(56>,'e%,7a=.Z!@�1,YG)+7�8&@�X�>,#:)6%(@�#�{a/F@!143�%j>(=_/F7a= 1
B�56%}#&/F7�{�Z�%

A
fF/2@!=./F@�'eYG)+7�8

1
h

� %,8�8&YG@!8^~x'*/2=&#&)61(%,8
Z�%�Z�)+'*%(7�8&)+YG7 2
-MYF#&Z0/F7a=�1(%(=O>,5+>,'e%,7a=�YG7a=OXMYG@!#
Z�>(=&%,#&'e)67�/F7a=

#&%(8&X�%,1(=&)+fF%,'e%,7a=
a(1 − a)

%(=
2(1 − a)

h � )67!8&)�Bu8:)
a 6= 1

B�56%K#_/F7!{<Z�%
A
f2/F@!=

2
B

8&)+7�YG7�B�)+5�%,8^=;>,{a/F5�[
1
h���)

a = 1
B05z/�'*/2=_#:)61(%j/F@�{G'e%,7a=&>,%
(

1 a 2 0
a a 2 2

)

.

%,8^=gZ�%�#_/F7!{
2
ln56%iZ�>(=&%,#&'e)67�/F7a=�1,YG7!8:=_#:@�)+=g8:@�#�56%(8�Z�%(@�¢ Z�%(#&7�)+|,#&%(8g1,YG5+YG7�7�%(8

Z�)+`M|,#:% Z�%��,>,#:YAtdh � %�8 �T8:=&|,'e%j%,8:=�Z�YG7�1�)67�1(YG'*X�/2=_)+-�56%2h�"�/F#�1,YF7A=&#&%2B�8&) a 6= 1
B�5+%

#_/F7!{KZ�%
A
>d=4/F7a=�Z�> C [k'</ ¢!)+'</25�BF5+%�#&/F7�{kZ�% 56/j'</2=&#&)+1,%;/F@�{G'e%,7a=&>,%;56@�)0%(8:=�>({a/F5

%(=.5+%}8 �T8^=_|,'e%j%,8^=�1,YG'eX0/2=&)6-�5+%Fh£��)�YG7�8:YG@�8^=_#_/2)+=.5+%,8�Z�%(@�¢�>(?A@0/2=_)+YG7�8(B�YG7�=_#:YG@!fF%
x = 2/(a − 1)

%(=
ay + 2z = 2/(1 − a)

h�¡ %b5z[�5�rs%(7�8&%('�-�56%�Z�%,8j8:YG56@!=&)6YG7!8}%,8^=
Z�YG7�7!>kX�/F#

{(2/(a − 1), λ, 1/(1 − a) − aλ/2) | λ ∈ R}.


